CHAPTER-4

MODELING OF FLUID FLOW IN HYDRAULIC FRACTURES

4.1 Material Balance Equation for flow of gas in Hydraulic Fracture:

4.1.1 Assumptions:
1) No mass transfer between the fluids.

2) Average width of the fracture is wy.

3) The entire flow process is isothermal. (T= Constant).
4) Hydraulic fracture is perpendicular to the horizontal well bore.

5) The geometry of the hydraulic fracture is rectangle.

The schematic representation of gas flow in the hydraulic fracture is shown in Figure 4.1
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Figure 4.1: Schematic flow of gas in the hydraulic fracture.

Material Balance Equation for the gas flow through the hydraulic fracture:
(Accumulation with in system)=(Gas flow in through system boundaries)-
(Gas flow out through system boundaries)+(Generation with in system)-

(Consumption within system).
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As control volume decreases, the volume = Ax.Ay wy.

= '(Ug £xPg fIx+AxAy-w_f)'(_Ug 2Py fIxAy-w_f)+(_Ug Py f|y+AyAx-W_f)_

(_Ugfypg flyAx'W_f)+<_Ugmngm|z_—waxAy>-<_Ugmngm|z_waxAJ/>:
= =3

2

A((axdyw0r) pgr Ser)
At

N — S>1.

Dividing equation 1 by Ax.Ay.wy , We got

Ugmz Pgl  -w5~ Ugmz Pgl w>
= (_Ugfxpgf|x+Ax+Ugfxng|x) (_Ugfyng|y+Ay+Ugfyng|y) + <gmz 9, 2f mz Zsz

4.
T

Ax Ay (?)
M@ PorSor) >0
At '
Taking limit Ax , Ay, Az and At ---=> 0,
6(v9fxp9f) 6(vgfyp9f) (Ugmngm) _ a((wf)'pyf'syf)
= — - e e -2 3.
dx ay wr at
2
Considering Darcy’s law, We have
—kyr 8 N
oy, =—er o) - for x-direction

Ifx - Hgf ax
But, as the flow in the hydraulic fracture is two phase flow, the concept of relative
permeability comes into act.

Relative permeability of gas with respect to water (k.47 )

k
—*o9f
= Kpgr= K and

kgf <1
kf ’

NOW, kgf = krgf kf

Where, k= Absolute Permeability in fracture with proppant. [m?].
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k, s = Effective permeability of gas in the fracture.

k.47 = Relative permeability of gas in the fracture.

Now,
—krgrrs (P L
D —y,, = Zrorky 3Pop) - for x-direction.
9fx Hgf adx
-k kro(P . .
o —y, =frar ko) - for y-direction.
9fy Hgf ay
~kgm (P —
0> = Tkgm oCgm) - for z-direction.

-V
Imz P—gm dz

Substituting Ugry + Ugsyr Vgmg in equation 3, we get

—Bckrgr ka(ny) —Bekrgf ka(ny) —-Bckgm 9(Pgm)
a( Hgf ox Pof _ 0 Hgf oy Paf ( Lgm 0z Pgm) _ a((wf)'pyf'syf) >4
= e T W -
2

W here,

scf
D—psi’

B.= Transmissibility conversion factor = 1.127

From equation of state,

Formation Volume Factor ((By) = _api“
cPgf

From equation 4,

Bckgm (P

P Beckrgf ka(ny)Pgsc P Bekrgr ka(ny)pySC ( Cugg,:ln (aim)PgSC> a (o )pysc s

o Hgf ax acBy N Mg f 3y acBg @By _ flacBg9f 55
ax ay * Wy - at '

2

From literature, @ ;= @, e (Pr=Po),

005 _
a_pf_ Q)fo
00 0Qf 0
Now,—L = 221 Pr
gt op; ot
Py _ dpf
= g— (Z)fo ?
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Equation 5 can be rewritten as

Bckgm 2(Pgm)
P Bckyrgr ka(ng)Pgsc P Beckrgr ka(ny)pySC (ug_mTpgsc
o Hgr ox acBg + Mgr dy acBg _ acBg -
ax ay v vf
2
Pgsc L >
[(252) sor054r] % 6

Dividing equation 6 withAxAyAz, we get

Bckgm (Pgm)
of Bekrar ® , 3(Pgr) pgse ofPefrar k, 3(Pgr) pgse ( ngm XY =5, gse
o iy f X 9x acBg Ax + Hyf Y o dy acBg y acBg -
dx dy + —71
Vbpgsec dps
[(a—Bg> (1= Swp )@y | 5 rommrmrmmmmme s >7

In this case, the flow is a multiphase flow i.e. gas and water will flow through the
fracture. So, the saturation values of gas and water will change with respect to time during
production. Initially, water saturation will be nearly 100% and then the water saturation
decreases and the gas saturation increases. A well bore has been considered in the 5" layer from
the top of the reservoir. As the hydraulic fractures can be any number, modeling has been done
from 1 fracture to 5 fractures. During the modeling of gas flow in the fracture, the gas flows from

the matrix into the fracture.

4.1.2 Discretization Method:

The developed equation representing the gas flow in the hydraulic fracture is a nonlinear
partial differential equation (PDE). For discretization of this nonlinear PDE, Finite difference
method has been used.
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Figure 4.2: Discretization and notation indication for a 2D pressure equation for Matrix.

By applying finite difference method to equation 7, we get

=

Bckrgr K Pgsc 1 n+1 pn+l Bckrgs K Pgsc 1 n+1
< n AxaBE (Pl+1]k l]k - Ax B. Ax (Pl]k_
af eBg B/ ik Hgf Gcbg BX/; 15
)

k k 1 k k 1
Pn L k) + <ﬁc rgf Ay Pgsc > (Pln]-z-ll . Pln]+k1 <ﬁc rgf Ay Pgsc > (Pln]+k1
Hgf acBg Ay ij+lk Hgf acBg Ay ij—lk
] Jt2 T

agm

1 n+1
Pn+11 k) ] [ 2 ﬁckgmAxAy Pgsc (Pln]+k1 T k)] [(prgsc> (1 _ Swf)(Z)fo] (P kAtPLJ k) >8

As we have chosen the spatial discretization terms at new time level i.e. (n+1), the
applied finite difference method can be considered has implicit finite difference method.

Be krg Pgsc

Considering transmissibility (T, ) =
Mg AcBy
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The eqgn 8 can be written as

= KfAXTgx n+1 n+1 _
Ax l+1 )k l] k

KrAxrgy n+1 n+1 KfAyTyy n+1 n+1
( Ax ) 1 Ple — B 1Jk) )i.l (PlJ+1k PLJ. o

L—E,],k v E’
KfAyTgy) 1 1 Vbpgsc (1=Swr)®r cf +1
gy PR — PR T,,AxAy ) + (222 prtl _
( Ay /i ~k b ) acBg At b
P ) = oo >9
Ljk .

Writing eqn 9 in the following form

1 P_n+1_ Pn+1 _ 1 Pn+1 Pn + 1 Pn+1 _ Pn+1
gi%,j,k i+1,j,k i,jk gi_%,j,k i,jk 1,jk ) gi,j%,k Lj+1,k i,jk
n+1 n+1 n+1
l]k P 1k) Xl]k( i,j,k l],k) """""""""""""""""""""""" ~ 10.
W here,

KfoTgx
Ag . = 1,
i+5,),k Ax l+E,],k

KfoTgx
/19 1 1
i~5.)k Ax ik

o)

_ ( Krhyrgy

Ay ={——=
Litzk ik

_({ Krhyrgy
Ag = — L
Li-zk Yo ik

2 VepPasc (1-Swr)DrcC
Xijx = [(W:ngzAxAy> +< bpgse (1S )0y of )]

acBy

Eqn 10 can be written inthe formof

Pn+1

n+1
Bi,jkP]k 1 +S; i,jk+1

=Qijk

n+1 n+ n+1 n+1 n+1
i,jk Pl] 1k+Wl]kP 1]k Cl]kPl]k+Ei,jkP+1]k Nl]kPl]+1k+Al],
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Ci,j,k =- 7\g + 7\g + Ag + Ag +

Lj+3k Pj-3k

Ag + A,

o1
1,],k+5

1" +X1']'k

ik ijk—3

o1
1+5,],k 3

E:: =2 )
Bjk gi+%,j,k

Nijk=2g

1,j +E'k

A=Ay

l,j,k+5

Qiji= (—Xijk) P

4.2 Material Balance Equation for flow of water in the Hydraulic Fracture:
4.2.1 Assumptions:

1) The flow of water occurs only in X and Y directions only.

2) Width of the fracture is wr.

3) The entire flow process is isothermal. (T=Constant).
4) Hydraulic fracture is perpendicular to the horizontal wellbore.
5) The geometry of the hydraulic fracture is rectangle.

Material Balance Equation for the gas flow through the hydraulic fracture:
(Accumulation with in system)=(Gas flow in through system boundaries)-
(Gas flow out through system boundaries)+(Generation with in system)-

(Consumption within system).

As control volume decreases, the volume = Ax.Ay wr.
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'(Ufop Wf|x+AxAy-W_f)'(_Ufop Wf|xAy-W_f)+(_Unyp Wf|y+AyAx-W_f)'(_Unyp Wf|yAx-W_f):

A((axby w7 05) pus-Swy ) > 11.
At
Dividing equation 11 by Ax.Ay.wy , We got
N (‘Ufo Pwrlx+axtUwpy PWf|x)+(‘Uny Pwily+aytiwe, PWf|y) _ A((@f)-ow-Swf) ____________ 5192
Ax Ay At
Taking limit Ax , Ay and At ---=> 0,
6(Uwfxpwf) a(vwfypwf) __6((@f)pwfﬁwf)
= — i N — > 13.
ax ay at

Considering Darcy’s law, we have

—kwr 3(Puwr)

................ - for x-direction
Mw F ax

= Ufo:

But, as the flow in the hydraulic fracture is two phase flow, the concept of relative

permeability comes into act.
Relative permeability of gas with respect to water (ks )

k
= Kpyy = kaf and

ka<1
kf_ ’

Now, ka = kT‘Wf kf
Where, k= Absolute Permeability in fracture with proppant. [m?].
k., s = Effective permeability of gas in the fracture.

k.= Relative permeability of gas in the fracture.
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Now,

_ ~krwy kf a(pwf)

= — = -direction.
U 1, it P —> for x-direction
-k kr O(P . .
=2 —v,, = —J 7 - for y-direction.
fy My £ dy

Substituting Ve, s vwfyin equation 13, we get

L

~Bekpwr k B(ow) ~Bekpwr k B(ow)
Pwf g ay Pwf _ a((@f)-ng.ng)

Mws o Mws
ax ay at
W here,
B.= Transmissibility conversion factor = 1.127 Ds_cgsi.
From equation of state,
Formation Volume Factor (B,,) = 2xsc
AePwr
From equation 14,
Bekrwr K a(PWf) Pwsc Bekrwf K B(ow) Pwsc Pwsc
o 6( Hwf ox acBw g Hwf dy acBw g (@ '“cBw'SWf _______
ax dy - at
From literature, @ = @,e°r (Pr=Po)
Py _
a_pf - Q)fo
ow, =
ot dpy Ot
a(Z)f _ 6pf
at Drey at
Equation 15 can be rewritten as
P Beckrwr ka(PWf) Pwsc P Bekrwr ka(PWf) Pwsc
o Hwf 9x acBw Hwf dy acBw - Pwsc S .B.c aﬂ
dx ay acBgw WIETE | ot

Dividing equation 6 withAx.Ay. Az, we get
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ax ay Y = [(Vé’p—évf) (1= Sgr)@rcr %

C

In this case, the flow is a multiphase flow i.e. gas and water will flow through the fracture.
So, the saturation values of gas and water will change with respect to time during production.
Initially, water saturation will be nearly 100% and then the water saturation decreases and the
gas saturation increases. A well bore has been considered in the 5™ layer from the top of the
reservoir. As the hydraulic fractures can be any number, modeling has been done from 1 fracture
to 5 fractures. Equation 17 represents the flow of water in the fracture during gas production

from shale reservoirs.

4.2.2 Discretization Method:

The developed equation representing the gas flow in the hydraulic fracture is a nonlinear
partial differential equation (PDE). For discretization of this nonlinear PDE, Finite difference

method has been used.
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Figure 4.3: Discretization and notation indication for a 2D pressure equation for
Hydraulic Fracture.

As we have chosen the spatial discretization terms at new time level i.e. (n+1), the finite
difference method applied here is implicit finite difference method.
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By applying finite difference method to equation 17, we get

Be krwr K Pwsc 1 n+1 pnil Bckrwr K Pwse 1 n+1
= < n AxaB )1 (Pl+1]k l]k - U AxaB Ax) 1 (Pl,],k
wf W ik wf Wik
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l 1],k)] “ y acBy Ay ( Lj+1,k Ljk

) _E;

c rw wsc wscC i Pl
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------------------------------------------------------- - 18

: : iacihili — ﬁc Frw  Pwsc

Considering transmissibility (T,,) =
My QcByy
The eqn 18 can be written as
KfAxTyy n+1 n+1y) _
= l( Ax )i+lj k Pi+1'j'k Pl K
~J,
KrA K Ayt
( f xwa) Pn+1 Pn+1 )l [ oy Wy) (Pn+1 Pn+1 —
, , i,j,k 1,7,k . i,j+1,k i,j.k
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KAyt V 1-Syr)@fc
( 4y wy) Pln]+1 Pn+11k) [ bPgsc ( wf) f f)] (Pln]+1 ]k) ________
Ay l]——k k acBg .4
Writing eqn 19 in the following form
+1 +1 +1 n+1 n+1 n+1
Aw. (Plr-ll-ljk Pln], AW. (Pln], P 1]k)+ AW.. (Pl]+1k Pl],
l+5,j K l—E,j, 1J+2
+1 n+1 n+1 n
Wil (Pln] P 1k) Xl]k(Pl], Pi,j,k) """""""""""""""""""""""""" = 20.
Fk




KfAyTwy)

A = (
Wi,j+%,k Ay Lj+sk
Jto

_ KfAyTWy
Moy ) L
Li-zk Yo Zij—zk

X — | { VoPwsc (1_ng)®f Cr
Lik = At

acBw

Eqn 20 can be written inthe formof
n+1 n+1 n+1 n+1 n+1 -
Si kP iZiut Wi P2t CoaPijk + EijrPisjc Y NijePrjvae = Qujk
Where,
Siik=A )
Bjk gi,j—E,k
Wi,j,k: A

I_E'j'k

Ci,j,k =- 7\g + 7\g + Ag

i1k

o1 L1
1+5,],k 3 1’]+E’k

Ei,j,k: 7\g

1t
1+5,],k

Ni: = A
Bjk gi,j+%,k

Qiji= (—Xijk) P

As, in a shale gas reservoir there may be N number of hydraulic fractures in order to
increase the interconnectivity of the wellbore with the matrix, which will increase the rate of
production. In this model, we have done my simulation starting with single hydraulic fracture
and continued till 5 hydraulic fractures. The pictorial representation of the different positions of
hydraulic fractures is shown in Figure 4.4(a,b,c and d), generally equispaced.
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Figure 4.4(a): Schematic representation of a Single Hydraulically Fractured Reservoir.
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Figure 4.4(b): Schematic representation of a Two Hydraulically Fractured Reservoir.

05008

4 0¥9Z

Figure 4.3(c): Schematic Representation of a Three Hydraulically Fractured Reservoir.
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Figure 4.4(d): Schematic Representation of a Four Hydraulically Fractured Reservoir.

As the hydraulic fractures are surrounded by matrix blocks and the flow of gas will be
initially from the matrix to the fracture, while simulating the hydraulic fractured reservoir the
non-linear PDE’s of both the matrix and the fractures are simultaneously solved for getting the

flow rates of gas from the hydraulic fracture to the wellbore.

4.3 Algorithm:

The developed nonlinear partial differential equation is compiled using JAVA for
determining the pressure variation in the hydraulically fractured blocks during gas production
from shale reservoirs. Figure 4.5 represents the algorithm, used for solving the nonlinear PDE for

gas flow inside the matrix.
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START

Declaration of Matrix
Variables.

no of days is 1 interval.

I

Calculation of total no of intervals.

Input the values of pressure, temperature, Langmuir volume,
langmuir pressure, ks, pws and different gas compositions

the wellbore.

A\ 4

@y, no of hydraulic fractures, height of fractures and
length of wellbore is taken as input.

Each block of the reservoir (9%9*9) is given
the pressure value as an input initially.

A wellbore at the center Z parallel to Z axis is created by
putting the wellbore pressure to it.
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Declaration of array coefficients for Matrix.

If time is
less than the
total time
interval

YES

The array coefficients are
calculated based on if the
indicated position comes in
wellbore, above and below the
wellbore or other.

The Pressure Values are printed in
output file.

The excel file is generated with p,
Bg,Z and pressure values for each

Vi

The Declaration of fracture
variables is done and
initialized accordingly.
\/
Pressure of matrix after 1 time
interval is taken as initial pressure
of reservoir for fracture

The wellbore pressure is reentered
at the center and parallel to Z-axis

v

The coefficients are
accordingly placed in the
matrix using the position

indexing variables, then the
matrix multiplication is
carried out to find the array
of pressures of the blocks for
time interval (t+1).
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Vi

Declaration of array
coefficient for fracture.

\l/

Delta Z value for matrix
block is calculated.

Time =0

Time f=Time f+1.

If time is less
than the total
time interval

k4is calculated

The pressure values are
printed in the output
screen

Based on the no of fractures the
array coefficients are calculated
accordingly with their positions
on wellbore, above and below
wellbore. fractures and others.

The Graph of pressure

variation with time is
generated.

The Excel files are
generated with p, By,Z
and pressure values for

The coefficients are placed
accordingly in the matrix using
the position indexing variables.

The matrix multiplication is
carried out to find the array of
pressures of the blocks for time

interval (t; + 1).

Swi™ 1-Sgm

each block.

Figure 4.5: Algorithm representing the procedure for solving the gas flow in the

hydraulic fractures.

Sgm = 0.05 * s,

The derived nonlinear partial differential equation for flow of gas in induced or hydraulic
fractures is compiled using JAVA programming language and the code is attached in

ANNEXURE-II.
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