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Instructions: The multiple sub-parts of a question must be answered together. 
 

Section A  

( Attempt all questions) 

                                                                                                                                                     MARKS 

1. If 𝐻 is a subgroup of 𝐺, then show that ∩
𝑔∈𝐺

 𝑔𝐻𝑔−1, is a normal subgroup of 𝐺. [4] CO1 

2. Show that every homomorphic image of a cyclic group is cyclic. [4] CO1 

3.  Find  𝐴𝑢𝑡(𝐺), if 𝐺 =< 𝑎 >, 𝑎12 = 𝑒. [4] CO1 

4. Determine the permutation 𝑓 = (1
2

 2
5

 3
4
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9
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7

 9
8
) is even or odd. [4] CO2 

5. 

Show that the quaternion group 𝐺 = {±1, ±𝑖, ±𝑗, ±𝑘}, where 𝑖2 = 𝑗2 = 𝑘2 = −1,  

𝑖𝑗 = −𝑗𝑖 = 𝑘, 𝑗𝑘 = −𝑘𝑗 = 𝑖, 𝑘𝑖 = −𝑖𝑘 = 𝑗 cannot expressed as the internal direct product 

of its proper subgroups. 

[4] CO2 

 

SECTION B  

(All questions are compulsory, Q10 has internal choice) 

6. 
Let 𝑁 be a normal subgroup of 𝐺 of finite index and 𝐻 be a subgroup of 𝐺 of finite order 

such that [𝐺 ∶ 𝑁] is relatively prime to 𝑂(𝐻). Prove that 𝐻 ⊆ 𝑁. 
[08] CO3 

7. 

Suppose 𝐺 is an abelian group. If 𝑎, 𝑏 ∈ 𝐺 such that 𝑂(𝑎) = 𝑚, 𝑂(𝑏) = 𝑛 and (𝑚, 𝑛) = 1 

then prove that 𝑂(𝑎𝑏) = 𝑚𝑛. [08] CO1 

8. 
Let 𝑆𝑛 be a symmetric group of 𝑛 symbols and let 𝐴𝑛 be the group of even permutations. 

Then show that 𝐴𝑛 is normal in 𝑆𝑛 and 𝑂(𝐴𝑛) =
𝑛!

2
. 

 

[08] 

 

CO3 



9. 
Show that a group of order 4 is either cyclic or is an internal direct product of two cyclic 

subgroups each of order 2. 
[08] CO5 

10. 

Show that the set ℚ+ of all positive rational numbers is an abelian group under the binary 

operation ∗, defined by 𝑎 ∗ 𝑏 =
𝑎𝑏

3
, ∀𝑎, 𝑏 ∈ ℚ+. 

OR 

If 𝐺 is a group then show that the normalizer of an element in 𝐺 is a subgroup of 𝐺. 

[08] CO2 

 

SECTION C   

(Q11 is compulsory and Q12 has internal choice) 

11.A 
Show that a group 𝐺 of order 2𝑝, where 𝑝 is prime and 𝑝 > 2, has exactly one subgroup of 

order 𝑝. [10] CO4 

11.B 
Show that the set 𝐺 of all symmetries of a rectangle is a group and hence find a Klein 4-

group which is a subgroup of 𝐺. 
[10] CO2 

12 

State and prove the second isomorphism theorem of groups. 

OR 

Let 𝐺 be the dihedral group defined as  

𝐺 = {𝑥𝑖 𝑦𝑗:  𝑖 = 0, 1; 𝑗 = 0,1,2, … , 𝑛 − 1; 𝑤ℎ𝑒𝑟𝑒 𝑥2 = 𝑒, 𝑦𝑛 = 𝑒, 𝑥𝑦 = 𝑦−1𝑥}. Prove that 

(i) The subgroup 𝑁 = {𝑒, 𝑦, 𝑦2, … , 𝑦𝑛−1} is normal in 𝐺. 

(ii)   
𝐺

𝑁
≅ 𝑊 where 𝑊 = {1, −1} is the group under the multiplication of the real 

numbers. 

[20] CO5 

*** 


