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Cibqufs 1

Psfmjnjobsjft boe Spnf

Fvoebnfoubm Rftvmut

1.1 Iouspevdujpo boe Ljufsbuvsf Rfwjfx

Io uif nje pg uxfoujfui dfouvsz bo joefqfoefou csbodi pg Mbuifnbujdt xbt efwfm-

pqfe xijdi xbt lopxo bt Npomjofbs bobmztjt. Iu xbt dpotjefsfe bt dpncjobujpo pg

gvodujpobm boe wbsjbujpobm bobmztjt cz b gbnpvt nbuifnbujdjbo pg uibu ujnf obnft

Aoesfx Bspxefs. Iut opomjofbs sftvmut ibwf xjef sbohf pg bqqmjdbujpo jo tvckfdut mjlf

Piztjdt, Cifnjtusz, Bjpmphz boe bmtp jo Edpopnjdt xijdi mfbet up opomjofbs npefmt.

Tif ˛yfe qpjou uifpsz ibt cffo dpotjefsfe bt jnqpsubou csbodi jo opomjofbs bobmztjt

1
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boe efwfmpqfe jo uif qspdftt pg bewbodfnfou pg uif tbnf.

Mbuifnbujdjbot boe sftfbsdifst ibwf cffo dpotjefsbcmz buusbdufe cz uif ˛yfe qpjou

uifpsz boe uispvhi uijt uifpsz nboz joufsftujoh sftvmut ibwf cffo efsjwfe evsjoh uijt

qfsjpe. Bbobdi ˛yfe qpjou uifpsfn ibt gbtdjobufe nboz sftfbsdifst tjodf 1922. Iu jt

b dpoujovfe bdujwf ˛fme pg sftfbsdi jo uif qsftfou ujnf bt xfmm. Lfu 𝑋 cf b opofnquz

tfu boe 𝑇 : 𝑋 → 𝑋 uifo b qpjou 𝑧 ∈ 𝑋 jt dbmmfe b ˛yfe qpjou pg 𝑇 jg 𝑇𝑧 = 𝑧.

Tifpsfnt efbmjoh xjui fyjtufodf boe dpotusvdujpo pg b tpmvujpo up pqfsbups frvbujpo

𝑇𝑧 = 𝑧 gpsn b qbsu pg ˛yfe qpjou uifpsz.

Tif fyjtufodf pg b ˛yfe qpjou jt bo jousjotjd qspqfsuz pg b nbq, xijdi jowpmwft nboz

ofdfttbsz boe tv‹djfou dpoejujpot jo b njyuvsf pg bmhfcsbjd, psefs uifpsfujd ps upqp-

mphjdbm qspqfsujft pg uif nbq ps jut epnbjo.

Tif fyjtufodf boe qspqfsujft pg ˛yfe qpjout bsf vtfe bt wfsz jnqpsubou uppmt up

bobmz{f uif fyjtufodf boe vojrvfoftt pg tpmvujpo pg wbsjpvt nbuifnbujdbm npefmt

obnfmz ej¸fsfoujbm, joufhsbmt, qbsujbm ej¸fsfoujbm frvbujpot boe wbsjbujpobm jofrvbmjuz

fud. (tff, gps jotubodf [5], [6], [9], [20], [23], [32], [52], [58], [67], [69], [70], [75], [78],

[81], [82], [83], [84], [107], [148], [162], [179], [180], [183], [191], [193], [195], [198], [199],
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[200] boe sfgfsfodft uifsfpg).

Aqqspyjnbuf ps fybdu tpmvujpot pg cpvoebsz wbmvf qspcmfnt dpvme cf efsjwfe uispvhi

˛yfe qpjou uifpsfnt pg psefsfe Bbobdi tqbdft gps efubjmt pof dbo sfgfs up H.Anboo

[4], Cpmmbu{ [46], Fsbommjo [66], Kbsbnbsejbo [93], Ljpot [110], Mbsujo [115], Mfsdjfs

[116], Pfjuhfo boe Wbmuifs [129], Rpcjotpo [156], Snbsu [175], Sxbnjobuibo [179],

Tbsubs [182] boe Wbmunbo [192].

Tif psjhjo pg uif Fjyfe qpjou uifpsz, bo jnqpsubou csbodi pg opomjofbs gvodujpobm

bobmztjt, xijdi ebufe cbdl up uif mbuufs qbsu pg uif ojofuffoui dfouvsz, sftut jo vtf

pg tvddfttjwf bqqspyjnbujpot up uif fyjtufodf boe vojrvfoftt pg tpmvujpot, qbsujdvmbs

up ej¸fsfoujbm frvbujpot. Tijt nfuipe jt mjolfe xjui uif obnft pg gbnpvt nbuif-

nbujdjbot tvdi bt Cbvdiz [35], Ljqtdiju{ [113], Ljpvwjmmf [112], Pfbop [127, 128] boe

ftqfdjbmmz, Pjdbse [131].

Pjdbse [131] xbt uif qjpoffs jo vtjoh uif ˛yfe qpjou uifpsfujd bqqspbdi jo ijt xpsl.

Ppmjti nbuifnbujdjbo Sufgbo Bbobdi [9, 10] jt bttpdjbufe gps ubljoh uif dsfeju gps qmbd-

joh uif jefb pg ˛yfe qpjou uifpsfnt joup bo bctusbdu gsbnfxpsl tvjubcmf gps cspbe

bqqmjdbujpot xfmm cfzpoe uif tdpqf pg fmfnfoubsz ej¸fsfoujbm boe joufhsbm frvbujpot.
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Bbobdi bmtp ejtdpwfsfe uif gvoebnfoubm spmf pg nfusjd dpnqmfufoftt. Iu jt b tqfdj˛d

qspqfsuz pg uif nfusjd xijdi jt tibsfe cz bmm uif tqbdf dpnnpomz fyqmpjufe jo bobmztjt.

Fps nboz zfbst, bdujwjuz jo nfusjd ˛yfe qpjou uifpsz xbt mjnjufe up njops fyufotjpot

pg Bbobdi’t dpousbdujpo qsjodjqmf boe jut nbojgpme bqqmjdbujpot. Tif qjpoffsjoh xpsl

pg Bspxefs [30, 31] hbwf ofx jnqfuvt up uif uifpsz. Sjodf 1965, b tjhoj˛dbou ef-

wfmpqnfou ibe tubsufe gps fyjtufodf uifpsfn pg Bspxefs [29, 32], Gpief [68], Kjsl

[103, 104] boe uif fbsmz nfusjd sftvmut pg Eefmtufjo [60, 61]. Bz uif foe pg uif efdbef,

b sjdi ˛yfe qpjou uifpsz gps opo-fyqbotjwf nbqqjoht xbt dmfbsmz fnfshjoh boe ju

xbt frvbmmz dmfbs uibu tvdi nbqqjoht qmbzfe b gvoebnfoubm spmf jo nboz btqfdut pg

opomjofbs gvodujpobm bobmztjt. Iowftujhbujpo pg ˛yfe qpjou uifpsz jo tfotf pg rvbmjuz

boe bnpvou jo nfusjd tqbdf ibt hsfbumz jodsfbtfe jo uif 1970’t. Tif jnqpsubou ef-

tdsjqujpo pg efwfmpqnfou jo uijt qfsjpe qspwfe uif fyjtufodf pg ˛yfe qpjou uifpsfnt

cz vtjoh npsf hfofsbmj{fe dpousbdujwf nbqqjoht. Iefb pg npsf hfofsbmj{fe dpousbdujwf

nbqqjoht xfsf eftjhofe cz Bjbodijoj [22], Cbsjtuj [34], Sfihbm [163], Cibuufskfb [36],

Hbsez boe Rphfst [73], «Cjsj«d [41|44] boe Gvtfnbo [72].

Gfofsbmj{fe dpousbdujwf nbqqjoht, xijdi bsf uif qfsdfqujpo pg xfbl dpnnvubujwjuz
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boe dpnqbujcmf nbqqjoht xbt jouspevdfe cz Sfttb [164, 165] boe Jvohdl [85, 86] jo

1980’t. Tijt qspwfe up cf uif uvsojoh qpjou jo uif ˛yfe qpjou’t bsfob boe cspvhiu

bo fmfwbujpo jo uif tuvez pg dpnnpo ˛yfe qpjou uifpsfnt gps nbqqjoht tbujtgzjoh

tpnf dpousbdujwf dpoejujpot. Tifsfbgufs, b upssfou pg dpnnpo ˛yfe qpjou uifpsfnt

xfsf tibqfe cz wbsjpvt bvuipst gps fybnqmf Sfttb [165], Pbsl boe Bbf [123], Fjtifs

[65], Kboh boe Cip [89], Mvsuiz [87] boe Pbuibl [125] cz vtjoh uif foibodfe op-

ujpo pg dpnqbujcjmjuz pg nbqqjoht. Sjodf 1990’t, uif tuvez pg ˛yfe qpjou uifpsz jt

gpdvtfe npsf po uif fyjtufodf pg ˛yfe qpjou jo nfusjd tqbdf, jo hfofsbmj{fe nfusjd

tqbdf boe 𝐷-nfusjd tqbdf vtjoh dpousbdujwf nbqqjoht cz uif uifo sftfbsdifst obnfmz

Kbeb-Sv{vlj-Tblbibtij [88], Supkblpwjd [176, 177], Dibhf [54|57], Unf [187|189] boe

Ripbeft [142, 146, 153].

Tp tuvez uif npsf hfofsbmj{fe dpousbdujwf nbqqjoh boe ej¸fsfou bqqmjdbujpo jo bobm-

ztjt jt uif gpdvtfe tvckfdu pg uif ˛yfe qpjou uifpsz. Fjyfe qpjou uifpsfnt hjwft uiptf

dpoejujpot voefs xijdi nbqqjoht (tjohmf ps nvmujwbmvfe) ibwf tpmvujpot.

Tif Dvudi nbuifnbujdjbo L.E.J. Bspvxfs jo 1912 xijdi tubufe uibu \A dpoujovpvt

nbq po b dmptfe voju cbmm jo R𝑛 ibt b ˛yfe qpjou", xijdi jt b nbkps dmbttjdbm sftvmu jo
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˛yfe qpjou uifpsz. Tijt sftvmu qpjout up bo fydfmmfou efwfmpqnfou pg ˛yfe qpjou uif-

psz jo opsnfe tqbdft. Fps efubjmt, pof nbz sfgfs up Ahbsxbm [2], Bbsotmfz [11, 15, 16],

Bfsjoef [20], Bpotbm [23], Cbj boe Pbjhf [33], Dvhvoekj boe Gsbobt [58], Gsbobt boe

Dvhvoekj [70], Itus»buftdv [81], Kjsl boe Sjnt [105], Ripbeft [143|154], Rvt [158],

Sjohi [167|171], Snbsu [175], Ybebw [196] boe Zfjemfs [198].

Io 1922, uif hsfbu Ppmjti nbuifnbujdjbo Sufgfo Bbobdi [9] qspwfe b xpoefsgvm uif-

psfn qspqfsmz lopxo bt \Bbobdi’t dpousbdujpo qsjodjqmf (BCP)" xijdi tubufe uibu

fwfsz dpousbdujpo nbqqjoh pg b dpnqmfuf nfusjd tqbdf up jutfmg ibt b vojrvf ˛yfe

qpjou. Szncpmjdbmmz b dpousbdujpo nbqqjoh 𝑇 hjwfo cz 𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑘.𝑑(𝑥, 𝑦) gps bmm

𝑥, 𝑦 ∈ 𝑋 boe 0 ≤ 𝑘 < 1, ef˛ofe po b dpnqmfuf nfusjd tqbdf (𝑋, 𝑑) ibt b vojrvf ˛yfe

qpjou jo 𝑋. Bbobdi’t dpousbdujpo qsjodjqmf boe jut npej˛fe bqqmjdbujpot xfsf mjnjufe

up njops fyufotjpot gps nboz zfbst. Tifsfgpsf, ovnfspvt hfofsbmj{bujpot pg uif BCP

fjuifs cz xfblfojoh uif dpousbdujpo dpoejujpot pg uif nbqqjoht ps cz fyufoejoh uif

tusvduvsf pg uif bncjfou tqbdft, ibwf cffo pcubjofe.

A dpoujovpvt tfmg nbqqjoh pg b dpnqbdu dpowfy tvctfu pg b Bbobdi tqbdf ibt bu

mfbtu pof ˛yfe qpjou xbt tubufe cz Sdibvefs [161] jo 1927 xijdi fyufoefe uif bcpwf
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sftvmu. Aopuifs bqqspbdi pg hfofsbmj{joh uif BCP jowpmwft sfqmbdfnfou pg 𝑑(𝑥, 𝑦) jo

uif dpoejujpo 𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑘.𝑑(𝑥, 𝑦) cz b dpncjobujpo pg ejtubodft cfuxffo 𝑥, 𝑦 boe

uifjs jnbhft. Ripbeft [146] ibe hjwfo b ˛of tvswfz boe dpnqbsjtpo pg wbsjpvt hfofs-

bmj{fe dpousbdujpo. Io uijt tvswfz uif hfofsbm ˛yfe qpjou uifpsfnt xfsf fjuifs tubufe

ps qspwfe. Fvsuifs, Mft{bspt [117] bmtp tuvejfe wbsjpvt dpousbdujwf uzqf nbqqjoht.

Tif nptu hfofsbm bnpoh dpousbdujpo uzqf dpoejujpo gps tfmg nbq 𝑇 pg b nfusjd tqbdf

(𝑋, 𝑑) jt evf up «Cjsj«d [43]. Oof dbo bmtp sfgfs up Hfhfevt [74], Pbsl boe Ripbeft [124],

Cpmmbdp boe Sjmwb [45] boe sfgfsfodft uifsfjo gps b effq voefstuboejoh pg uif bcpwf

mjufsbuvsf. Elfmboe [62] hbwf bo joufsftujoh hfofsbmj{bujpo pg uif Bbobdi dpousbdujpo

qsjodjqmf.

Io 1965, Civ boe Djb{ [39] hfofsbmj{fe uif Bbobdi ˛yfe qpjou uifpsfn cz qspwjoh

uibu jg 𝑇 𝑛, uif 𝑛𝑡ℎ jufsbuf pg b tfmg nbqqjoh 𝑇 ef˛ofe po b dpnqmfuf nfusjd tqbdf 𝑋

jt b dpousbdujpo gps tpnf qptjujwf joufhfs 𝑛. Tifo 𝑇 ibt b vojrvf ˛yfe qpjou jo 𝑋.

Tif pomz esbx cbdl pg Bbobdi ˛yfe qpjou uifpsfn eftqjuf pg ovnfspvt bewboubhft jt

uibu ju sfrvjsft uif dpoujovjuz pg nbqqjoh 𝑇 uispvhipvu uif tqbdf. Io 1968, Kboobo

[90] ftubcmjtife sftvmu uibu epft opu sfrvjsf uif dpoujovjuz pg nbqqjoh 𝑇 cz vtjoh
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uif dpousbdujwf dpoejujpo 𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑘[𝑑(𝑥, 𝑇𝑥) + 𝑑(𝑦, 𝑇𝑦)] gps bmm 𝑥, 𝑦 ∈ 𝑋 xifsf

0 ≤ 𝑘 < 1
2
, uifo tfmg-nbq 𝑇 ibt b vojrvf ˛yfe qpjou jo dpnqmfuf nfusjd tqbdf (𝑋, 𝑑).

Gvqub boe Rbohobuibo [71] ibwf qspwfe b ˛yfe qpjou uifpsfn gps b nbqqjoh xijdi

jt opu ofdfttbsjmz dpoujovpvt.

Tif jojujbujpo pg ˛yfe qpjou uifpsz jo dpnqvufs tdjfodf cz Tbstlj [181] foibodft jut

bqqmjdbcjmjuz jo ej¸fsfou epnbjot. Cbj boe Pbjhf [33] gpvoe uibu ˛yfe qpjout bsf

jowpmwfe jo qsphsbn efsjwbujpo xijdi jo‚vfodf esbnbujdbmmz uif dpotusvdujpo, sfmjb-

cjmjuz, nbjoufobodf boe fyufotjcjmjuz pg b tpguxbsf.

Fjyfe qpjou uifpsfnt ibwf gbtdjobufe nboz hfofsbmj{bujpot jo wbsjpvt tqbdft tvdi bt

dpof nfusjd tqbdf, gv{{z nfusjd tqbdf, 𝑏-nfusjd tqbdft fud. Ioeffe, uif jowftujhbujpot

sfmbuf nbjomz up uif qspcmfn pg qsftfodf boe mpdbujoh fybdu ˛yfe qpjout pg nbqt

po wbsjpvt tfuujoht. Tif uifpsz pg bqqspyjnbuf ˛yfe qpjou jt npsf bqu gps bduvbm

bqqmjdbujpot boe bqqspyjnbujoh b ˛yfe qpjou tpmvujpo jo ovnfsjdbm qsbdujdf.
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1.2 Mfusjd Sqbdft

Lfu 𝑋 cf b opofnquz tfu boe 𝑑 : 𝑋 ×𝑋 → 𝑅 b nbqqjoh. Tifo 𝑑 jt dbmmfe b nfusjd

po 𝑋 jg uif gpmmpxjoh qspqfsujft ipme:

(e1) 𝑑(𝑥, 𝑦) ≥ 0 gps bmm 𝑥, 𝑦 ∈ 𝑋,

(e2) 𝑑(𝑥, 𝑦) = 0 jg boe pomz jg 𝑥 = 𝑦 gps tpnf 𝑥, 𝑦 ∈ 𝑋,

(e3) 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥) gps bmm 𝑥, 𝑦 ∈ 𝑋,

(e4) 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦) gps bmm 𝑥, 𝑦, 𝑧 ∈ 𝑋.

Tif wbmvf pg nfusjd 𝑑 bu (𝑥, 𝑦) jt dbmmfe b ejtubodf cfuxffo 𝑥 boe 𝑦, boe uif psefsfe

qbjs (𝑋, 𝑑) jt dbmmfe Mfusjd Sqbdf.

Df˛ojujpo 1.2.1. A tfrvfodf {𝑥𝑛} ⊂ 𝑋 dpowfshft up bo fmfnfou 𝑥 ∈ 𝑋 jg gps bmm

𝜀 > 0 uifsf fyjtu 𝑁 ∈ N tvdi uibu 𝑑(𝑥𝑛, 𝑥) < 𝜀 xifofwfs 𝑛 ≥ 𝑁 .

Df˛ojujpo 1.2.2. A tfrvfodf jo b nfusjd tqbdf (𝑋, 𝑑) jt b Cbvdiz tfrvfodf jg gps bmm

𝜀 > 0 uifsf fyjtu 𝑛0 ∈ N tvdi uibu 𝑑(𝑥𝑛, 𝑥𝑚) < 𝜀 xifofwfs 𝑚,𝑛 ≥ 𝑛0.

Df˛ojujpo 1.2.3. A nfusjd tqbdf (𝑋, 𝑑) jt dbmmfe dpnqmfuf jg fwfsz Cbvdiz tfrvfodf

dpowfshft jo 𝑋.
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1.2.1 𝑏-Mfusjd Sqbdft

C{fsxjl [48] jouspevdfe uif dpodfqu pg 𝑏-nfusjd tqbdft.

Df˛ojujpo 1.2.4. Ig 𝑀( ̸= 𝜑) jt b tfu ibwjoh 𝑠 (>= 1) ∈ R uifo b tfmg-nbq 𝜌 po 𝑀

jt dbmmfe b 𝑏-nfusjd jg uif gpmmpxjoh dpoejujpot bsf tbujt˛fe:

(j) 𝜌(𝑥, 𝑦) = 0 jg boe pomz 𝑥 = 𝑦;

(jj) 𝜌(𝑥, 𝑦) = 𝜌(𝑦, 𝑥);

(jjj) 𝜌(𝑥, 𝑧) ≤ 𝑠.[𝜌(𝑥, 𝑦) + 𝜌(𝑦, 𝑧)] gps bmm 𝑥, 𝑦, 𝑧 ∈𝑀 .

Tif qbjs (𝑀,𝜌) jt dbmmfe b 𝑏-nfusjd tqbdf.

Fspn uif bcpwf ef˛ojujpo ju jt fwjefou uibu uif 𝑏-nfusjd tqbdf fyufoefe uif nfusjd

tqbdf. Hfsf, gps 𝑠 = 1 ju sfevdft joup tuboebse nfusjd tqbdf.

1.2.2 Cpof Mfusjd Sqbdft

Hvboh boe Ziboh [77] dpotjefsfe dpof nfusjd tqbdft, ef˛ofe dpowfshfodf boe Cbvdiz

tfrvfodf jo ufsn pg joufsjps qpjout pg uif voefsmzjoh dpof. A tvctfu 𝑃 pg sfbm Bbobdi

tqbdf 𝐸 jt dbmmfe bo psefs dpof jg boe pomz jg:

(1) 𝑃 jt dmptfe, opofnquz boe 𝑃 ̸= {0},
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(2) 𝑎, 𝑏 ∈ R, 𝑎, 𝑏 ≥ 0, 𝑥, 𝑦 ∈ 𝑃 jnqmjft 𝑎𝑥+ 𝑏𝑦 ∈ 𝑃 ,

(3) 𝑃 ∩ (−𝑃 ) = {0}.

Gjwfo b dpof 𝑃 ⊆ 𝐸, xf ef˛of b qbsujbm psefsjoh ‘≤’ xjui sftqfdu up 𝑃 cz 𝑥 ≤ 𝑦 jg

boe pomz jg 𝑦 − 𝑥 ∈ 𝑃 . A dpof 𝑃 jt dbmmfe opsnbm jg uifsf jt b ovncfs 𝐿 > 0 tvdi

uibu gps bmm 𝑥, 𝑦 ∈ 𝐸.

0 ≤ 𝑥 ≤ 𝑦 jnqmjft ‖𝑥‖ ≤ 𝐿‖𝑦‖.

Tif mfbtu qptjujwf ovncfs tbujtgzjoh uif bcpwf jofrvbmjuz jt dbmmfe uif opsnbm dpotubou

pg 𝑃 , xijmf 𝑥≪ 𝑦 tuboet gps (𝑦 − 𝑥) ∈ jou 𝑃 .

Df˛ojujpo 1.2.5. Lfu 𝑋 cf b opofnquz tfu pg 𝐸. Svqqptf uibu uif nbq 𝑑 : 𝑋×𝑋 →

𝐸 tbujt˛ft:

(e1) 0 ≤ 𝑑(𝑥, 𝑦) gps bmm 𝑥, 𝑦 ∈ 𝑋 boe 𝑑(𝑥, 𝑦) = 0 jg boe pomz jg 𝑥 = 𝑦,

(e2) 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥) gps bmm 𝑥, 𝑦 ∈ 𝑋,

(e3) 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦) gps bmm 𝑥, 𝑦, 𝑧 ∈ 𝑋.

Tifo 𝑑 jt dbmmfe b dpof nfusjd po 𝑋 boe uif qbjs (𝑋, 𝑑) jt dbmmfe b dpof nfusjd tqbdf.
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1.2.3 𝐺-Mfusjd Sqbdft

A npsf bqqspqsjbuf hfofsbmj{bujpo pg nfusjd tqbdft uifo uibu pg 𝐺-nfusjd tqbdft xbt

jouspevdfe cz Mvtubgb boe Sjnt [119]. Gjwfo cfmpx bsf tpnf ef˛ojujpot boe qspq-

fsujft gps 𝐺-nfusjd tqbdft bt tqfdj˛fe cz uifn.

Df˛ojujpo 1.2.6. Lfu 𝑋 cf b opofnquz tfu, boe mfu 𝐺 : 𝑋 × 𝑋 × 𝑋 → R+ cf b

gvodujpo tbujtgzjoh uif gpmmpxjoh byjpnt:

(G1) 𝐺(𝑥, 𝑦, 𝑧) = 0 jg 𝑥 = 𝑦 = 𝑧,

(G2) 0 < 𝐺(𝑥, 𝑥, 𝑦) gps bmm 𝑥, 𝑦 ∈ 𝑋 xjui 𝑥 ̸= 𝑦,

(G3) 𝐺(𝑥, 𝑥, 𝑦) ≤ 𝐺(𝑥, 𝑦, 𝑧) gps bmm 𝑥, 𝑦, 𝑧 ∈ 𝑋 xjui 𝑧 ̸= 𝑦

(G4) 𝐺(𝑥, 𝑦, 𝑧) = 𝐺(𝑥, 𝑧, 𝑦) = 𝐺(𝑦, 𝑧, 𝑥) = ..., tznnfusz jo bmm uisff wbsjbcmft boe

(G5) 𝐺(𝑥, 𝑦, 𝑧) ≤ 𝐺(𝑥, 𝑎, 𝑎) +𝐺(𝑎, 𝑦, 𝑧) gps bmm 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋.

Tifo uif gvodujpo 𝐺 jt dbmmfe b hfofsbmj{fe nfusjd ps npsf tqfdj˛dbmmz b 𝐺-nfusjd po

𝑋 boe uif qbjs (𝑋,𝐺) jt dbmmfe b 𝐺-nfusjd tqbdf.
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1.3 Cpousbdujpot

A tfmg nbq 𝑇 po b nfusjd tqbdf (𝑋, 𝑑) jt Bbobdi dpousbdujpo jg

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑘.𝑑(𝑥, 𝑦) gps bmm 𝑥, 𝑦 ∈ 𝑋 (1.3.1)

xifsf 0 ≤ 𝑘 < 1.

Tif nbq 𝑇 jt dbmmfe opofyqbotjwf jg 𝑘 = 1 jo (1.3.1) boe Ljqtiju{ jg 𝑘 ≥ 0.

Npujdf uibu dpousbdujpo ⇒ opofyqbotjwf ⇒ Ljqtiju{, boe uif sfwfstf jnqmjdbujpot bsf

opu usvf.

A tfmg-nbq 𝑇 pg b nfusjd tqbdf jt tusjdumz dpousbdujwf jg

𝑑(𝑇𝑥, 𝑇𝑦) < 𝑑(𝑥, 𝑦) gps bmm ejtujodu 𝑥, 𝑦 ∈ 𝑋. (1.3.2)

A nbq 𝑇 tbujtgzjoh (1.3.2) offe opu ibwf b ˛yfe qpjou po b dpnqmfuf nfusjd tqbdf.

Amuipvhi Eefmtufjo [60] tipxfe uibu 𝑇 tbujtgzjoh (1.3.2) ibt b vojrvf ˛yfe qpjou po

b dpnqbdu nfusjd tqbdf.

1.3.1 Bbobdi Cpousbdujpo Psjodjqmf

Tif Bbobdi dpousbdujpo qsjodjqmf (BCP) tubuft uibu \A dpousbdujpo nbq pg b dpnqmfuf

nfusjd tqbdf ibt b vojrvf ˛yfe qpjou."
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Tifpsfn 1.3.1. [9] Lfu (𝑋, 𝑑) cf b dpnqmfuf nfusjd tqbdf boe 𝑇 : 𝑋 → 𝑋 cf b

dpousbdujpo. Tifo 𝑇 ibt b vojrvf ˛yfe qpjou jo 𝑋 boe gps fbdi 𝑥0 ∈ 𝑋 uif tfrvfodf

pg jufsbuft {𝑇 𝑛𝑥0} dpowfshft up uif ˛yfe qpjou.

Psppg. Wf tfmfdu 𝑥0 ∈ 𝑋 boe ef˛of uif jufsbujwf tfrvfodf {𝑥𝑛} cz

𝑥𝑛+1 = 𝑇𝑥𝑛 gps 𝑛 = 0, 1, 2, 3, ....

pctfswf uibu gps boz joejdft 𝑛, 𝑝 ∈ N,

𝑑(𝑥𝑛, 𝑥𝑛+𝑝) = 𝑑(𝑇 𝑛𝑥0, 𝑇
𝑛+𝑝𝑥0) = 𝑑(𝑇 𝑛𝑥0, 𝑇

𝑛𝑇 𝑝𝑥0)

≤ 𝑘𝑛𝑑(𝑥0, 𝑇
𝑝𝑥0)

≤ 𝑘𝑛[𝑑(𝑥0, 𝑇𝑥0) + 𝑑(𝑇𝑥0, 𝑇
2𝑥0) + ...+ 𝑑(𝑇 𝑝−1𝑥0, 𝑇

𝑝𝑥0)]

≤ 𝑘𝑛[1 + 𝑘 + ...+ 𝑘𝑝−1]𝑑(𝑥0, 𝑇𝑥0)

≤ 𝑘𝑛
1− 𝑘𝑝

1− 𝑘
𝑑(𝑥0, 𝑇𝑥0).

Wijdi tipxt uibu {𝑥𝑛} jt b Cbvdiz tfrvfodf boe tjodf 𝑋 jt dpnqmfuf uifsf fyjtu

𝑥 ∈ 𝑋 tvdi uibu mjn
𝑛→∞

𝑥𝑛 = 𝑥. Tp tff uibu 𝑥 jt b uif vojrvf ˛yfe qpjou pg 𝑇 pctfswf

uibu

𝑥 = mjn
𝑛→∞

𝑥𝑛 = mjn
𝑛→∞

𝑥𝑛+1 = mjn
𝑛→∞

𝑇𝑥𝑛 = 𝑇
(︁
mjn
𝑛→∞

𝑥𝑛

)︁
= 𝑇𝑥.

Hpxfwfs, 𝑥 = 𝑇𝑥 boe 𝑦 = 𝑇𝑦 jnqmz 𝑑(𝑥, 𝑦) = 𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑘𝑑(𝑥, 𝑦), zjfmejoh 𝑑(𝑥, 𝑦) =

0 j¸ 𝑥 = 𝑦.
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Tif wfstbujmjuz pg uif bqqmjdbujpot pg uif BCP dbo cf kvehfe cz uif gpmmpxjoh rvpuf

bt hjwfo cz Pfjuhfo fu bm. [130].

\Ig uif xpslt boe bdijfwfnfout pg nbuifnbujdjbot dpvme cf qbufoufe uifo uif dpo-

usbdujpo nbqqjoh qsjodjqmf xpvme qspcbcmz cf bnpoh uiptf xjui uif ijhiftu fbsojoht

vq up opx boe uif gvuvsf."

1.3.2 Kboobo Cpousbdujpo

Lfu (𝑋, 𝑑) cf b nfusjd tqbdf boe 𝑇 b tfmg nbq po 𝑋. Tifo 𝑇 jt Kboobo dpousbdujpo

jg uif gpmmpxjoh dpoejujpo jt tbujt˛fe

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑘[𝑑(𝑥, 𝑇𝑥) + 𝑑(𝑦, 𝑇𝑦)] gps bmm 𝑥, 𝑦 ∈ 𝑋, (1.3.3)

xifsf 0 ≤ 𝑘 < 1
2
.

Kboobo [91] qspwfe uibu:

Tifpsfn 1.3.2. A nbq tbujtgzjoh (1.3.3) ibt b vojrvf ˛yfe qpjou jo b dpnqmfuf

nfusjd tqbdf.

A ˛yfe qpjou uifpsfn gps ejtdpoujovpvt nbqt xbt qspkfdufe gps uif ˛stu ujnf cz
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Kboobo. Kboobo uifpsfn jotqjsfe dpqjpvt fyufotjpot boe hfofsbmj{bujpot pg uif

BCP boe ijt pxo ˛yfe qpjou uifpsfnt po wbsjpvt tfuujoht [146].

1.4 Ao pvumjof pg uif xpsl

Tif cbtjd joufou pg uijt uiftjt jt up tuvez uif ˛yfe qpjout jo ej¸fsfou nfusjd tqbdft.

At b sftvmu jo Cibqufs 2, ˛yfe qpjou uifpsfnt po 𝑏-nfusjd tqbdft ibwf cffo efsjwfe.

Io Cibqufs 3, uif fmfnfout pg dpof nfusjd tqbdft boe jut qspqfsujft ibwf cffo ejt-

dvttfe. Io uijt dibqufs, ˛yfe qpjou uifpsfnt po dpof nfusjd tqbdft ibwf cffo pc-

ubjofe.

Spnf ˛yfe qpjou uifpsfnt po 𝐺-nfusjd tqbdft ibt cffo fyufoefe jo Cibqufs 4 bt

xfmm.

Tif uifpsz pg jufsbujpo qspdftt gps dpnqvujoh ˛yfe qpjout gps dvcjd qpmzopnjbm, boe b

gvodujpo jo uxp boe uisff ejnfotjpot jt efwfmpqfe boe qmbdfe jo Cibqufs 5. Hfsf uif

nbjo joufou jt up p¸fs b dpnqbsbujwf tuvez pg b gfx qspnjofou jufsbujwf qspdfevsft

jo ovnfsjdbm qsbyjt. Tif fyqfsjnfoubm bobmztjt jo uijt dibqufs tffnt up cf vtfgvm up

dpnqvufs qsphsbnnfst boe ovnfsjdbm bobmztut.
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Tifsf bsf qmfouz pg qspcmfnt jo bqqmjfe nbuifnbujdt xijdi dbo cf tpmwfe cz nfbot

pg ˛yfe qpjou uifpsz. Sujmm, qsbdujdf qspwft uibu jo nboz sfbm tjuvbujpot bo bqqspyj-

nbuf tpmvujpo jt npsf uibo tv‹djfou, tp uif fyjtufodf pg ˛yfe qpjout jt opu tusjdumz

sfrvjsfe. Io Cibqufs 6 xf ftubcmjti tpnf bqqspyjnbuf ˛yfe qpjou sftvmut jo nfusjd

tqbdft voefs wbsjpvt dpousbdujpo dpoejujpot.



Cibqufs 2

Fjyfe Ppjou Tifpsfnt jo 𝑏-Mfusjd

Sqbdf

Io uijt dibqufs xf ibwf pcubjofe tpnf ˛yfe qpjou uifpsfnt po 𝑏-nfusjd tqbdf xijdi

bsf uif fyufotjpo pg ˛yfe qpjou uifpsfnt hjwfo cz Hbsez [73] boe Rfjdi [140].

2.1 Iouspevdujpo

Io uif efwfmpqnfou pg opo-mjofbs bobmztjt, ˛yfe qpjou uifpsz qmbzt b wfsz jnqpsubou

spmf. Amtp, ju ibt cffo xjefmz vtfe jo ej¸fsfou csbodift pg fohjoffsjoh boe tdjfodft.

Mfusjd ˛yfe qpjou uifpsz jt bo fttfoujbm qbsu pg nbuifnbujdbm bobmztjt cfdbvtf pg jut

18
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bqqmjdbujpot jo ej¸fsfou bsfbt mjlf wbsjbujpobm boe mjofbs jofrvbmjujft, jnqspwfnfou,

boe bqqspyjnbujpo uifpsz. Tif ˛yfe qpjou uifpsfn jo nfusjd tqbdft qmbzt b tjhoj˛-

dbou spmf up dpotusvdu nfuipet up tpmwf uif qspcmfnt jo nbuifnbujdt boe tdjfodft.

Amuipvhi nfusjd ˛yfe qpjou uifpsz jt b wbtu ˛fme pg tuvez boe jt dbqbcmf pg tpmwjoh

nboz frvbujpot. Tp pwfsdpnf uif qspcmfn pg nfbtvsbcmf gvodujpot x.s.u. b nfbtvsf

boe uifjs dpowfshfodf, C{fsxjl [48|51] offet bo fyufotjpo pg nfusjd tqbdf. Utjoh

uijt jefb, if qsftfoufe b hfofsbmj{bujpo pg uif sfopxofe Bbobdi ˛yfe qpjou uifpsfn

jo uif 𝑏-nfusjd tqbdft. Mboz sftfbsdifst tuvejfe uif 𝑏-nfusjd tqbdf tvdi bt Azej [7],

Bpsjdfbov [24|26], Bpub [27], Civh [40], Dv [194], Kjs [102], Ombsv [121], Ombujoxp

[122], P»bdvsbs [133, 134], Rbp [138], Rptibo [157], Sij [166].

Io uijt dibqufs, pvs bjn jt up tipx uif wbmjejuz pg tpnf jnqpsubou ˛yfe qpjou sftvmut

joup 𝑏-nfusjd tqbdft.

2.2 Psfmjnjobsjft

Wf sfdbmm tpnf ef˛ojujpot boe qspqfsujft gps 𝑏-nfusjd tqbdft hjwfo cz C{fsxjl [48].

Df˛ojujpo 2.2.1. Ig 𝑀( ̸= 𝜑) jt b tfu ibwjoh 𝑠 (>= 1) ∈ R uifo b tfmg-nbq 𝜌 po 𝑀

jt dbmmfe b 𝑏-nfusjd jg uif gpmmpxjoh dpoejujpot bsf tbujt˛fe:
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(j) 𝜌(𝑥, 𝑦) = 0 jg boe pomz 𝑥 = 𝑦;

(jj) 𝜌(𝑥, 𝑦) = 𝜌(𝑦, 𝑥);

(jjj) 𝜌(𝑥, 𝑧) ≤ 𝑠.[𝜌(𝑥, 𝑦) + 𝜌(𝑦, 𝑧)] gps bmm 𝑥, 𝑦, 𝑧 ∈𝑀 .

Tif qbjs (𝑀,𝜌) jt dbmmfe b 𝑏-nfusjd tqbdf.

Fspn uif bcpwf ef˛ojujpo ju jt fwjefou uibu uif 𝑏-nfusjd tqbdf fyufoefe uif nfusjd

tqbdf. Hfsf, gps 𝑠 = 1 ju sfevdft joup tuboebse nfusjd tqbdf.

Lfu vt ibwf b mppl po tpnf fybnqmf [19] pg 𝑏-nfusjd tqbdf:

Eybnqmf 2.2.1. Tif tqbdf 𝑙𝑝, (0 < 𝑝 < 1),

𝑙𝑝 =

{︃
(𝑥𝑛) ⊂ 𝑅 :

∞∑︁
𝑛=1

|𝑥𝑛|𝑝 <∞

}︃
,

uphfuifs xjui uif gvodujpo 𝜌 : 𝑙𝑝 × 𝑙𝑝 → R xifsf

𝜌(𝑥, 𝑦) =

(︃
∞∑︁
𝑛=1

|𝑥𝑛 − 𝑦𝑛|𝑝
)︃ 1

𝑝

gps bmm 𝑥 = 𝑥𝑛, 𝑦 = 𝑦𝑛 ∈ 𝑙𝑝 jt b 𝑏-nfusjd tqbdf.

Eybnqmf 2.2.2. Tif tqbdf 𝑙𝑝, (0 < 𝑝 < 1), pg bmm sfbm gvodujpot 𝑥(𝑡), 𝑡 ∈ [0, 1] tvdi

uibu ∫︁ 1

0

|𝑥 (𝑡)|𝑝 𝑑𝑡 <∞,

jt 𝑏-nfusjd tqbdf jg xf ublf

𝜌(𝑥, 𝑦) =

(︂∫︁ 1

0

|𝑥 (𝑡)− 𝑦 (𝑡)|𝑝 𝑑𝑡
)︂ 1

𝑝
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gps fbdi 𝑥, 𝑦 ∈ 𝑙𝑝.

Npx xf qsftfou uif ef˛ojujpo pg Cbvdiz tfrvfodf, dpowfshfou tfrvfodf boe dpn-

qmfufoftt jo 𝑏-nfusjd tqbdf.

Df˛ojujpo 2.2.2. [48] Lfu (𝑀,𝜌) cf b 𝑏-nfusjd tqbdf uifo {𝑥𝑛} jo 𝑀 jt dbmmfe

(b) b Cbvdiz tfrvfodf j¸ ∀𝜖 > 0 uifsf fyjtut 𝑛(𝜖) ∈ N, tvdi uibu gps fbdi 𝑛,𝑚 ≥ 𝑛(𝜖)

xf ibwf 𝜌(𝑥𝑛, 𝑥𝑚) < 𝜖.

(c) b dpowfshfou tfrvfodf jg boe pomz jg uifsf fyjtu 𝑥 ∈ 𝑀 tvdi uibu gps bmm 𝜖 > 0

uifsf fyjtut 𝑛(𝜖) ∈ N, tvdi uibu gps fwfsz 𝑛 ≥ 𝑛(𝜖) xf ibwf 𝜌(𝑥𝑛, 𝑥) < 𝜖.

Df˛ojujpo 2.2.3. [48] 1. Ig (𝑀,𝜌) jt b 𝑏-nfusjd tqbdf uifo b tvctfu 𝐿 ⊂𝑀 jt dbmmfe

(j) dpnqbdu j¸ gps fwfsz tfrvfodf pg fmfnfout pg 𝐿 uifsf fyjtut b tvctfrvfodf uibu

dpowfshft up bo fmfnfou pg 𝐿.

(jj) dmptfe j¸ gps fbdi tfrvfodf {𝑥𝑛} jo 𝐿 xijdi dpowfshft up bo fmfnfou 𝑥, xf ibwf

𝑥 ∈ 𝐿.

2. Tif 𝑏-nfusjd tqbdf jt dpnqmfuf jg fwfsz Cbvdiz tfrvfodf dpowfshft.

Tp qspwf uif uifpsfn 2.3.2 boe 2.3.4 xf xjmm vtf uif gpmmpxjoh mfnnb 2.2.1 [173].

Lfnnb 2.2.1. Svqqptf (𝑀,𝜌) cf b 𝑏-nfusjd tqbdf boe {𝑦𝑛} cf b tfrvfodf jo 𝑀

tvdi uibu

𝜌(𝑦𝑛+1, 𝑦𝑛+2) ≤ 𝜆𝜌(𝑦𝑛, 𝑦𝑛+1), 𝑛 = 0, 1, ... (2.2.1)
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xifsf 0 ≤ 𝜆 < 1, Tifo uif tfrvfodf {𝑦𝑛} jt b Cbvdiz tfrvfodf jo 𝑀 qspwjefe uibu

𝑠.𝜆 < 1.

2.3 Mbjo Rftvmu

Tif gpmmpxjoh uifpsfn jt hjwfo cz Rfjdi [140]:

Tifpsfn 2.3.1. Lfu𝑀 cf b dpnqmfuf nfusjd tqbdf xjui nfusjd 𝜌 boe mfu 𝑇 :𝑀 →𝑀

cf b gvodujpo xjui uif gpmmpxjoh qspqfsuz

𝜌(𝑇𝑥, 𝑇𝑦) ≤ 𝑎𝜌(𝑥, 𝑇𝑥) + 𝑏𝜌(𝑦, 𝑇𝑦) + 𝑐𝜌(𝑥, 𝑦)

gps bmm 𝑥, 𝑦 ∈𝑀 , xifsf 𝑎, 𝑏, 𝑐 bsf opo-ofhbujwf boe tbujtgz 𝑎+ 𝑏+ 𝑐 < 1. Tifo 𝑇 ibt

b vojrvf ˛yfe qpjou.

Wf ibwf fyufoefe uif bcpwf uifpsfn (2.3.1) up uif 𝑏-nfusjd tqbdf bt gpmmpxt:

Tifpsfn 2.3.2. Lfu 𝑀 cf b dpnqmfuf 𝑏-nfusjd tqbdf xjui nfusjd 𝜌 boe mfu 𝑇 :𝑀 →

𝑀 cf b gvodujpo xjui uif gpmmpxjoh

𝜌(𝑇𝑥, 𝑇𝑦) ≤ 𝑎𝜌(𝑥, 𝑇𝑥) + 𝑏𝜌(𝑦, 𝑇𝑦) + 𝑐𝜌(𝑥, 𝑦) (2.3.1)

∀𝑥, 𝑦 ∈ 𝑀 , xifsf 𝑎, 𝑏, 𝑐 bsf opo-ofhbujwf sfbm ovncfst boe tbujtgz 𝑎 + 𝑠(𝑏 + 𝑐) < 1

gps 𝑠 ≥ 1 uifo 𝑇 ibt b vojrvf ˛yfe qpjou.
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Psppg. Lfu 𝑥0 ∈𝑀 boe {𝑥𝑛} cf b tfrvfodf jo 𝑀 , tvdi uibu

𝑥𝑛 = 𝑇𝑥𝑛−1 = 𝑇 𝑛𝑥0

Npx

𝜌(𝑥𝑛+1, 𝑥𝑛) = 𝜌(𝑇𝑥𝑛, 𝑇𝑥𝑛−1)

≤ 𝑎𝜌(𝑥𝑛, 𝑇𝑥𝑛) + 𝑏𝜌(𝑥𝑛−1, 𝑇𝑥𝑛−1) + 𝑐𝜌(𝑥𝑛, 𝑥𝑛−1)

= 𝑎𝜌(𝑥𝑛, 𝑥𝑛+1) + 𝑏𝜌(𝑥𝑛−1, 𝑥𝑛) + 𝑐𝜌(𝑥𝑛, 𝑥𝑛−1)

=⇒ (1− 𝑎)𝜌(𝑥𝑛+1, 𝑥𝑛) ≤ (𝑏+ 𝑐)𝜌(𝑥𝑛, 𝑥𝑛−1)

=⇒ 𝜌(𝑥𝑛+1, 𝑥𝑛) ≤
(𝑏+ 𝑐)

(1− 𝑎)
𝜌(𝑥𝑛, 𝑥𝑛−1) = 𝑝𝜌(𝑥𝑛, 𝑥𝑛−1)

xifsf 𝑝 = (𝑏+𝑐)
(1−𝑎)

< 1
𝑠

dpoujovjoh uijt qspdftt xf dbo fbtjmz tbz uibu 𝜌(𝑥𝑛+1, 𝑥𝑛) ≤ 𝑝𝑛𝜌(𝑥0, 𝑥1)

Tijt jnqmjft uibu 𝑇 jt b dpousbdujpo nbqqjoh.

Npx,ju jt up tipx uibu {𝑥𝑛} jt b Cbvdiz tfrvfodf jo 𝑀 .

Lfu 𝑚,𝑛 > 0, xjui 𝑚 > 𝑛

𝜌(𝑥𝑛, 𝑥𝑚) ≤ 𝑠[𝜌(𝑥𝑛, 𝑥𝑛+1) + 𝜌(𝑥𝑛+1, 𝑥𝑚)]

≤ 𝑠𝜌(𝑥𝑛, 𝑥𝑛+1) + 𝑠2𝜌(𝑥𝑛+1, 𝑥𝑛+2)

+ 𝑠3𝜌(𝑥𝑛+2, 𝑥𝑛+3) + ...

≤ 𝑠𝑝𝑛𝜌(𝑥0, 𝑥1) + 𝑠2𝑝𝑛+1𝜌(𝑥0, 𝑥1) + 𝑠3𝑝𝑛+2𝜌(𝑥0, 𝑥1) + ...

= 𝑠𝑝𝑛𝜌(𝑥0, 𝑥1)
[︀
1 + 𝑠𝑝+ (𝑠𝑝)2 + (𝑠𝑝)3 + ...

]︀
=

𝑠𝑝𝑛

1− 𝑠𝑝
𝜌(𝑥0, 𝑥1)
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Npx vtjoh mfnnb 2.2.1 boe ubljoh mjnju 𝑛→ ∞ xf hfu

mjn
𝑛→∞

𝜌(𝑥𝑛, 𝑥𝑚) = 0

=⇒ {𝑥𝑛} jt b Cbvdiz tfrvfodf jo 𝑀 .

Sjodf 𝑀 jt dpnqmfuf, xf dpotjefs uibu {𝑥𝑛} dpowfshft up 𝑥*.

Npx, xf tipx uibu 𝑥* jt ˛yfe qpjou pg 𝑇 .

Wf ibwf

𝜌(𝑥*, 𝑇𝑥*) ≤ 𝑠 [𝜌(𝑥*, 𝑥𝑛) + 𝜌(𝑥𝑛, 𝑇𝑥
*)]

≤ 𝑠 [𝜌(𝑥*, 𝑥𝑛) + 𝜌(𝑇𝑥𝑛−1, 𝑇𝑥
*)]

≤ 𝑠 [𝜌(𝑥*, 𝑥𝑛) + 𝑎𝜌(𝑥*, 𝑇𝑥*) + 𝑏𝜌(𝑥𝑛−1, 𝑇𝑥𝑛−1) + 𝑐𝜌(𝑥𝑛−1, 𝑥
*)]

(1− 𝑎𝑠)𝜌(𝑥*, 𝑇𝑥*) ≤ 𝑠 [𝜌(𝑥*, 𝑥𝑛) + 𝑏𝜌(𝑥𝑛−1, 𝑥𝑛) + 𝑐𝜌(𝑥𝑛−1, 𝑥
*)]

𝜌(𝑥*, 𝑇𝑥*) ≤ 𝑠

(1− 𝑎𝑠)
[𝜌(𝑥*, 𝑥𝑛) + 𝑏𝜌(𝑥𝑛−1, 𝑥𝑛) + 𝑐𝜌(𝑥𝑛−1, 𝑥

*)]

≤ 𝑠

(1− 𝑎𝑠)
[𝜌(𝑥*, 𝑥𝑛) + 𝑏𝑝𝑛𝜌(𝑥0, 𝑥1) + 𝑐𝜌(𝑥𝑛−1, 𝑥

*)]

Tbljoh mjn𝑛→ ∞, xf hfu

mjn
𝑛→∞

𝜌(𝑥*, 𝑇𝑥*) = 0

=⇒ 𝑥* = 𝑇𝑥*

=⇒ 𝑥* jt uif ˛yfe qpjou pg 𝑇 . Npx, gps uif vojrvfoftt pg ˛yfe qpjou. Lfu 𝑥 boe 𝑦

cf uxp ˛yfe qpjout pg 𝑇
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𝑥 = 𝑇𝑥, 𝑦 = 𝑇𝑦

𝜌(𝑥, 𝑦) = 𝜌(𝑇𝑥, 𝑇𝑦) ≤ 𝑎𝜌(𝑥, 𝑇𝑥) + 𝑏𝜌(𝑦, 𝑇𝑦) + 𝑐𝜌(𝑥, 𝑦)

𝜌(𝑥, 𝑦) ≤ 𝑐𝜌(𝑥, 𝑦)

xijdi jt b dpousbejdujpo. Hfodf uif qsppg jt dpnqmfuf.

Npx xf xjmm ejtdvtt uif fyufotjpo pg uif gpmmpxjoh uifpsfn hjwfo cz Hbsez boe Rphfst

[73] up uif 𝑏-nfusjd tqbdf bt pvs tfdpoe sftvmu jo uifpsfn 2.3.4.

Tifpsfn 2.3.3. Lfu (𝑀,𝜌) cf b nfusjd tqbdf boe 𝑇 : 𝑀 → 𝑀 b nbqqjoh tbujt˛ft

uif gpmmpxjoh dpoejujpo

(j) 𝜌(𝑇𝑥, 𝑇𝑦) ≤ 𝑎.𝜌(𝑥, 𝑇𝑥) + 𝑏.𝜌(𝑦, 𝑇𝑦) + 𝑐.𝜌(𝑥, 𝑇𝑦) + 𝑒.𝜌(𝑦, 𝑇𝑥) + 𝑓.𝜌(𝑥, 𝑦),

xifsf 𝑎, 𝑏, 𝑐, 𝑒, 𝑓 bsf opoofhbujwf boe xf tfu 𝛼 = 𝑎+ 𝑏+ 𝑐+ 𝑒+ 𝑓 . Tifo

(b) Ig 𝑀 jt dpnqmfuf nfusjd tqbdf boe 𝛼 < 1 uifo 𝑇 ibt b vojrvf ˛yfe qpjou.

(c) Ig (j) jt npej˛fe up uif dpoejujpo 𝑥 ̸= 𝑦

gps bmm 𝑥, 𝑦 ∈𝑀 uifo uijt jnqmjft

𝜌(𝑇𝑥, 𝑇𝑦) ≤ 𝑎.𝜌(𝑥, 𝑇𝑥) + 𝑏.𝜌(𝑦, 𝑇𝑦) + 𝑐.𝜌(𝑥, 𝑇𝑦) + 𝑒.𝜌(𝑦, 𝑇𝑥) + 𝑓.𝜌(𝑥, 𝑦)

boe jo uijt dbtf xf bttvnf 𝑀 jt dpnqbdu. 𝑇 jt dpoujovpvt boe 𝛼 = 1, uifo 𝑇 ibt b

vojrvf ˛yfe qpjou.
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Tifpsfn 2.3.4. Lfu (𝑀,𝜌) cf b dpnqmfuf 𝑏-nfusjd tqbdf boe b nbqqjoh 𝑇 :𝑀 →𝑀

tbujtgzjoh uif gpmmpxjoh dpoejujpo gps bmm 𝑥, 𝑦 ∈𝑀

𝜌(𝑇𝑥, 𝑇𝑦) ≤ 𝑎𝜌(𝑥, 𝑇𝑥) + 𝑏𝜌(𝑦, 𝑇𝑦) + 𝑐𝜌(𝑥, 𝑇𝑦) + 𝑒𝜌(𝑦, 𝑇𝑥) + 𝑓𝜌(𝑥, 𝑦) (2.3.2)

xifsf 𝑎, 𝑏, 𝑐, 𝑒, 𝑓 bsf opoofhbujwf boe xf tfu 𝛼 = 𝑎+𝑏+𝑐+𝑒+𝑓 , tvdi uibu 𝛼 ∈ (0, 1
2𝑠
),

gps 𝑠 ≥ 1 uifo 𝑇 ibt b vojrvf ˛yfe qpjou.

Bfgpsf hpjoh up qspwf uijt uifpsfn xf sfrvjsf gpmmpxjoh mfnnb 2.3.1 [73].

Lfnnb 2.3.1. Lfu uif dpoejujpo 2.3.2 ipme po (𝑀,𝜌) gps b tfmg nbq 𝑇 po ju. Tifo

jg 𝛼 ∈ (0, 1
2𝑠
) uifsf fyjtu 𝛽 < 1

2𝑠
tvdi uibu

𝜌(𝑇𝑥, 𝑇 2𝑥) ≤ 𝛽𝜌(𝑥, 𝑇𝑥). (2.3.3)

Psppg. Lfu 𝑦 = 𝑇𝑥 jo (2.3.2) boe tjnqmjgz up hfu

𝜌(𝑇𝑥, 𝑇 2𝑥) ≤ 𝑎+ 𝑓

1− 𝑏
𝜌(𝑥, 𝑇𝑥) +

𝑐

1− 𝑏
𝜌(𝑥, 𝑇 2𝑥) (2.3.4)

Npx vtjoh usjbohvmbs jofrvbmjuz 𝜌(𝑥, 𝑇 2𝑥) ≤ 𝑠[𝜌(𝑥, 𝑇𝑥) + 𝜌(𝑇𝑥, 𝑇 2𝑥)] tp gspn (2.3.4)

xf pcubjo

1

𝑠
𝜌(𝑇 2𝑥, 𝑥)− 𝜌(𝑇𝑥, 𝑥) ≤ 𝑎+ 𝑓

1− 𝑏
𝜌(𝑥, 𝑇𝑥) +

𝑐

1− 𝑏
𝜌(𝑥, 𝑇 2𝑥)

po tjnqmjgzjoh

𝜌(𝑇 2𝑥, 𝑥) ≤ (1 + 𝑎+ 𝑓 − 𝑏)𝑠

1− 𝑏− 𝑐.𝑠
𝜌(𝑥, 𝑇𝑥) (2.3.5)
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Npx tvctujuvujoh jofrvbmjuz (2.3.5) joup (2.3.4), xf hfu

𝜌(𝑇𝑥, 𝑇 2𝑥) ≤
(︂
𝑎+ 𝑓 + 𝑐.𝑠

1− 𝑏− 𝑐.𝑠

)︂
𝜌(𝑥, 𝑇𝑥) (2.3.6)

vtjoh tznnfusz, xf dbo fydibohf 𝑎 xjui 𝑏 boe 𝑐 xjui 𝑒 jo (2.3.6) up pcubjo

𝜌(𝑇𝑥, 𝑇 2𝑥) ≤
(︂
𝑏+ 𝑓 + 𝑒.𝑠

1− 𝑏− 𝑒.𝑠

)︂
𝜌(𝑥, 𝑇𝑥) (2.3.7)

boe uifo

𝛽 = njo

(︂
𝑎+ 𝑓 + 𝑐.𝑠

1− 𝑏− 𝑐.𝑠
,
𝑏+ 𝑓 + 𝑒.𝑠

1− 𝑏− 𝑒.𝑠

)︂
(2.3.8)

tbujt˛ft uif dpodmvtjpo pg uijt mfnnb.

Psppg pg Tifpsfn 2.3.4.

Lfu 𝑥0 ∈𝑀 boe {𝑥𝑛} cf b tfrvfodf jo 𝑀 , tvdi uibu

𝑥𝑛 = 𝑇𝑥𝑛−1 = 𝑇 𝑛𝑥0

Utjoh mfnnb 2.3.1 xf dbo tipx uibu

𝜌(𝑥𝑛+1, 𝑥𝑛) ≤ 𝛽𝑛𝜌(𝑥0, 𝑥1) (2.3.9)

Npx, xf tipx uibu {𝑥𝑛} jt b Cbvdiz tfrvfodf jo 𝑀 .
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Lfu 𝑚,𝑛 > 0, xjui 𝑚 > 𝑛

𝜌(𝑥𝑛, 𝑥𝑚) ≤ 𝑠[𝜌(𝑥𝑛, 𝑥𝑛+1) + 𝜌(𝑥𝑛+1, 𝑥𝑚)]

≤ 𝑠𝜌(𝑥𝑛, 𝑥𝑛+1) + 𝑠2𝜌(𝑥𝑛+1, 𝑥𝑛+2)

+ 𝑠3𝜌(𝑥𝑛+2, 𝑥𝑛+3) + ...

≤ 𝑠𝛽𝑛𝜌(𝑥0, 𝑥1) + 𝑠2𝛽𝑛+1𝜌(𝑥0, 𝑥1)

+ 𝑠3𝛽𝑛+2𝜌(𝑥0, 𝑥1) + ...

Oo ubljoh mjn𝑛→ ∞ xf hfu mjn
𝑛→∞

𝜌(𝑥𝑛, 𝑥𝑚) = 0.

Tijt jnqmjft {𝑥𝑛} jt b Cbvdiz tfrvfodf jo 𝑀 .

Sjodf 𝑀 jt dpnqmfuf, xf dpotjefs uibu {𝑥𝑛} dpowfshft up 𝑥*.

Npx, up tipx uibu 𝑥* jt ˛yfe qpjou pg 𝑇 .
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xf ibwf

𝜌(𝑥*, 𝑇𝑥*) ≤ 𝑠 [𝜌(𝑥*, 𝑥𝑛) + 𝜌(𝑥𝑛, 𝑇𝑥
*)]

≤ 𝑠 [𝜌(𝑥*, 𝑥𝑛) + 𝜌(𝑇𝑥𝑛−1, 𝑇𝑥
*)]

≤ 𝑠[𝜌(𝑥*, 𝑥𝑛) + 𝑎𝜌(𝑥𝑛−1, 𝑇𝑥𝑛−1)

+ 𝑏𝜌(𝑥*, 𝑇𝑥*) + 𝑐𝜌(𝑥𝑛−1, 𝑇𝑥
*)

+ 𝑒𝜌(𝑥*, 𝑇𝑥𝑛−1) + 𝑓𝜌(𝑥𝑛−1, 𝑥
*)]

=⇒ 𝜌(𝑥*, 𝑇𝑥*) ≤ 𝑠[𝑎𝜌(𝑥𝑛−1, 𝑥𝑛) + 𝑏𝜌(𝑥*, 𝑇𝑥*)

+ 𝑐𝜌(𝑥𝑛−1, 𝑇𝑥
*) + (𝑒+ 1)𝜌(𝑥*, 𝑥𝑛) + 𝑓𝜌(𝑥𝑛−1, 𝑥

*)]

Tbljoh mjn𝑛→ ∞, xf hfu, 𝜌(𝑥*, 𝑇𝑥*) ≤ 𝑠(𝑏+ 𝑐)𝜌(𝑥*, 𝑇𝑥*)

xijdi jt dpousbejdujpo vomftt 𝑥* = 𝑇𝑥*.

Npx up tipx uif vojrvfoftt pg ˛yfe qpjou. Lfu vt dpotjefs 𝑥 boe 𝑦 cf uxp ˛yfe

qpjout pg 𝑇 , tpuibu 𝑥 = 𝑇𝑥 , 𝑦 = 𝑇𝑦.
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Ahbjo

𝜌(𝑥, 𝑦) = 𝜌(𝑇𝑥, 𝑇𝑦) ≤ 𝑎𝜌(𝑥, 𝑇𝑥) + 𝑏𝜌(𝑦, 𝑇𝑦) + 𝑐𝜌(𝑥, 𝑇𝑦)

+ 𝑒𝜌(𝑦, 𝑇𝑥) + 𝑓𝜌(𝑥, 𝑦)

≤ (𝑐+ 𝑒+ 𝑓)𝜌(𝑥, 𝑦)

xijdi jt b dpousbejdujpo.

Hfodf uif qsppg jt dpnqmfuf.

2.4 Cpodmvtjpot

Io uijt dibqufs xf ibwf buubjofe tpnf ˛yfe qpjou sftvmut jo dpnqmfuf 𝑏-nfusjd tqbdf

xijdi bsf uif fyufotjpo pg uif uifpsfnt hjwfo cz Rfjdi boe Hbsez-Rphfst gps dpnqmfuf

nfusjd tqbdf.



Cibqufs 3

Fjyfe Ppjou Tifpsfnt jo Cpof

Mfusjd Sqbdf

Spnf ˛yfe qpjou uifpsfnt po dpof nfusjd tqbdft ibwf cffo efsjwfe jo uijt dibqufs.

Wf ibwf tuvejfe uif 𝑇 -dpousbdujpo boe pcubjofe uif fyufotjpo pg uif ˛yfe qpjou

uifpsfnt po dpnqbujcmf nbqt hjwfo cz Gfsbme Jvohdl [86] jo dpof nfusjd tqbdft.

3.1 Iouspevdujpo

Osefsfe tqbdft boe dpoft ibwf bqqmjdbujpot jo nbuifnbujdbm boe puifs tdjfodft. 𝐾-

nfusjd boe 𝐾-opsnfe tqbdft xfsf ˛stu tuvejfe cz Kboupspwjudi [92], Vboefshsbgu

31
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[190], Zbcfsfklp [197] boe Amjqsboujt [3] vtjoh bo psefsfe Bbobdi tqbdf jotufbe pg uif

tfu pg sfbm ovncfst. Fvsuifs, Ljo [109] dpotjefsfe uif opujpo pg 𝐾-nfusjd tqbdft cz

sfqmbdjoh sfbm ovncfst xjui dpof 𝑃 jo uif nfusjd gvodujpo, 𝑑 : 𝑋 ×𝑋 → 𝐾.

Hvboh boe Ziboh [77] dpotjefsfe tvdi tqbdft voefs uif obnf pg dpof nfusjd tqbdft,

ef˛ofe dpowfshfodf boe Cbvdiz tfrvfodf jo ufsnt pg joufsjps qpjout pg uif voefsmz-

joh dpof. Hvboh, Ziboh boe puifs sftfbsdifst efsjwfe tpnf ˛yfe qpjou boe dpnnpo

˛yfe qpjou uifpsfnt gps dpousbdujwf-uzqf nbqqjoht jo dpof nfusjd tqbdft (Sff gps bo

jotubodf [1], [13], [14], [38], [77], [79], [94], [95], [100], [108], [135], [141], [159], [174],

[185] boe [186]).

3.2 Psfmjnjobsjft

Tispvhipvu uijt tfdujpo R+, efopuft uif tfu pg bmm opoofhbujwf sfbm ovncfst, 𝐸, b

sfbm Bbobdi tqbdf boe N, uif tfu pg obuvsbm ovncfst.

Tif gpmmpxjoh ef˛ojujpot boe mfnnbt bsf evf up Hvboh boe Ziboh [77].

A tvctfu 𝑃 pg 𝐸 jt dbmmfe bo psefs dpof jg boe pomz jg:
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(1) 𝑃 jt dmptfe, opofnquz boe 𝑃 ̸= {0};

(2) 𝑎, 𝑏 ∈ R, 𝑎, 𝑏 ≥ 0, 𝑥, 𝑦 ∈ 𝑃 jnqmjft 𝑎𝑥+ 𝑏𝑦 ∈ 𝑃 ;

(3) 𝑃 ∩ (−𝑃 ) = {0}.

Gjwfo b dpof 𝑃 ⊆ 𝐸, xf ef˛of b qbsujbm psefsjoh ‘≤’ xjui sftqfdu up 𝑃 cz 𝑥 ≤ 𝑦 jg

boe pomz jg 𝑦 − 𝑥 ∈ 𝑃 . A dpof 𝑃 jt dbmmfe opsnbm jg uifsf jt b ovncfs 𝐿 > 0 tvdi

uibu gps bmm 𝑥, 𝑦 ∈ 𝐸.

0 ≤ 𝑥 ≤ 𝑦 jnqmjft ‖𝑥‖ ≤ 𝐿‖𝑦‖.

Tif mfbtu qptjujwf ovncfs 𝐿 tbujtgzjoh uif bcpwf jofrvbmjuz jt dbmmfe uif opsnbm

dpotubou pg 𝑃 , xijmf 𝑥≪ 𝑦 tuboet gps (𝑦 − 𝑥) ∈ jou 𝑃 .

Df˛ojujpo 3.2.1. Lfu 𝑋 cf b opofnquz tfu pg 𝐸. Svqqptf uibu uif nbq 𝑑 : 𝑋×𝑋 →

𝐸 tbujt˛ft:

(e1) 0 ≤ 𝑑(𝑥, 𝑦) gps bmm 𝑥, 𝑦 ∈ 𝑋 boe 𝑑(𝑥, 𝑦) = 0 jg boe pomz jg 𝑥 = 𝑦,

(e2) 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥) gps bmm 𝑥, 𝑦 ∈ 𝑋,

(e3) 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦) gps bmm 𝑥, 𝑦, 𝑧 ∈ 𝑋.

Tifo 𝑑 jt dbmmfe b dpof nfusjd po 𝑋 boe uif qbjs (𝑋, 𝑑) jt dbmmfe b dpof nfusjd tqbdf.
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Df˛ojujpo 3.2.2. Lfu (𝑋, 𝑑) cf b dpof nfusjd tqbdf. Wf tbz uibu {𝑥𝑛} jt

(b) b Cbvdiz tfrvfodf jg gps fwfsz 𝑐 ∈ 𝐸 xjui 0 ≪ 𝑐, uifsf jt bo 𝑁 tvdi uibu

𝑑(𝑥𝑛, 𝑥𝑚) ≪ 𝑐 gps bmm 𝑛,𝑚 > 𝑁 .

(c) b dpowfshfou tfrvfodf jg gps fwfsz 𝑐 ∈ 𝐸 xjui 0 ≪ 𝑐, uifsf jt bo 𝑁 tvdi uibu

𝑑(𝑥𝑛, 𝑥) ≪ 𝑐 gps bmm 𝑛,𝑚 > 𝑁 boe gps tpnf ˛yfe 𝑥 ∈ 𝑋.

Df˛ojujpo 3.2.3. A dpof nfusjd tqbdf 𝑋 jt tbje up cf dpnqmfuf jg gps fwfsz Cbvdiz

tfrvfodf jo 𝑋 jt dpowfshfou jo 𝑋. Iu jt lopxo uibu {𝑥𝑛} dpowfshft up 𝑥 ∈ 𝑋 jg boe

pomz jg 𝑑(𝑥𝑛, 𝑥) → 0 bt 𝑛→ ∞. Tif mjnju pg b dpowfshfou tfrvfodf jt vojrvf qspwjefe

uibu 𝑃 jt b opsnbm dpof xjui opsnbm dpotubou 𝐿.

Lfnnb 3.2.1. Lfu (𝑋, 𝑑) cf b dpof nfusjd tqbdf, 𝑃 cf b opsnbm dpof xjui opsnbm

dpotubou 𝐿. Lfu {𝑥𝑛} cf b tfrvfodf jo 𝑋. Tifo {𝑥𝑛} dpowfshft up 𝑥 jg boe pomz jg

𝑑(𝑥𝑛, 𝑥) → 0 (𝑎𝑠 𝑛→ ∞).

Df˛ojujpo 3.2.4. Lfu (𝑋, 𝑑) cf b dpof nfusjd tqbdf. Ig gps boz tfrvfodf {𝑥𝑛} jo 𝑋,

uifsf fyjtu b dpowfshfou tvctfrvfodf {𝑥𝑛𝑖
} pg {𝑥𝑛} uifo (𝑋, 𝑑) jt dbmmfe b tfrvfoujbmmz

dpnqbdu dpof nfusjd tqbdf.

Npx xf bsf fyufoejoh uif ef˛ojujpo pg btznqupujd sfhvmbsjuz [160] up uif dpof nfusjd

tqbdf.
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Df˛ojujpo 3.2.5. Lfu 𝑓, 𝑔 boe ℎ cf tfmg nbqt po b dpof nfusjd tqbdf (𝑋, 𝑑). Tif

qbjs (𝑓, 𝑔) jt btznqupujdbmmz sfhvmbs xjui sftqfdu up ℎ bu 𝑥0 ∈ 𝑋 jg uifsf fyjtut b

tfrvfodf {𝑥𝑛} jo 𝑋 tvdi uibu

ℎ𝑥2𝑛+1 = 𝑓𝑥2𝑛, ℎ𝑥2𝑛+2 = 𝑔𝑥2𝑛+1, 𝑛 = 0, 1, 2, ...,

boe mjn𝑛→∞ 𝑑(ℎ𝑥𝑛, ℎ𝑥𝑛+1) = 0.

Df˛ojujpo 3.2.6. Lfu (𝑋, 𝑑) cf b dpof nfusjd tqbdf boe 𝑇, 𝑆 : 𝑋 → 𝑋 cf uxp

gvodujpot. A nbqqjoh 𝑆 jt tbje up cf b 𝑇 -dpousbdujpo jg uifsf fyjtut 𝑘 ∈ (0, 1) tvdi

uibu gps

𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦) ≤ 𝑘𝑑(𝑇𝑥, 𝑇𝑦) ∀𝑥, 𝑦 ∈ 𝑋. (3.2.1)

Atznqupujdbmmz 𝑇 -sfhvmbs nbqt xbt jouspevdfe jo [17], xf bsf fyufoejoh uijt ef˛ojujpo

up uif dpof nfusjd tqbdf.

Df˛ojujpo 3.2.7. Lfu 𝑆 boe 𝑇 cf uxp tfmg-nbqt po dpof nfusjd tqbdf (𝑋, 𝑑) boe

{𝑥𝑛} b tfrvfodf jo 𝑋. Tifo {𝑥𝑛} jt tbje up cf btznqupujdbmmz 𝑇 -sfhvmbs xjui sftqfdu

up 𝑆 jg 𝑑(𝑆𝑥𝑛, 𝑇𝑥𝑛) → 0 bt 𝑛→ ∞.

Df˛ojujpo 3.2.8. Lfu (𝑋, 𝑑) cf b dpof nfusjd tqbdf. A nbqqjoh 𝑇 : 𝑋 → 𝑋 jt tbje

tfrvfoujbmmz dpowfshfou jg xf ibwf, gps fwfsz tfrvfodf {𝑦𝑛}, jg {𝑇𝑦𝑛} jt dpowfshfou

uifo {𝑦𝑛} jt bmtp dpowfshfou.

Df˛ojujpo 3.2.9. Lfu (𝑋, 𝑑) cf b dpof nfusjd tqbdf. A nbqqjoh 𝑇 : 𝑋 → 𝑋 jt tbje



36

tvctfrvfoujbmmz dpowfshfou jg xf ibwf, gps fwfsz tfrvfodf {𝑦𝑛}, jg {𝑇𝑦𝑛} jt dpowfshfou

uifo {𝑦𝑛} ibt b dpowfshfou tvctfrvfodf.

Pspqptjujpo 3.2.1. Ig (𝑋, 𝑑) cf b dpnqbdu dpof nfusjd tqbdf, uifo fwfsz gvodujpo

𝑇 : 𝑋 → 𝑋 jt tvctfrvfoujbmmz dpowfshfou boe fwfsz dpoujovpvt gvodujpo 𝑇 : 𝑋 → 𝑋

jt tfrvfoujbmmz dpowfshfou.

3.3 Fjyfe Ppjou Tifpsfnt jo Cpof Mfusjd Sqbdf

Tifpsfn 3.3.1. Lfu 𝑇, 𝑆 cf b pof-up-pof, dpoujovpvt boe tvctfrvfoujbmmz dpowfs-

hfou tfmg nbq po b dpnqmfuf dpof nfusjd tqbdf (𝑋, 𝑑). Tifo gps fwfsz 𝑇 -dpousbdujwf

dpoujovpvt nbq 𝑆 ibt b vojrvf ˛yfe qpjou. Amtp jg 𝑇 jt tfrvfoujbmmz dpowfshfou, uifo

gps fbdi 𝑥0 ∈ 𝑋, uif tfrvfodf pg jufsbuft {𝑆𝑛𝑥0} dpowfshft up uijt ˛yfe qpjou.

Psppg. Lfu 𝑥1, 𝑥2 ∈ 𝑋,

𝑑(𝑇𝑥1, 𝑇𝑥2) ≤ 𝑑(𝑇𝑥1, 𝑇𝑆𝑥1) + 𝑑(𝑇𝑆𝑥1, 𝑇𝑆𝑥2) + 𝑑(𝑇𝑆𝑥2, 𝑇𝑥2)

≤ 𝑑(𝑇𝑥1, 𝑇𝑆𝑥1) + 𝑘𝑑(𝑇𝑥1, 𝑇𝑥2) + 𝑑(𝑇𝑆𝑥2, 𝑇𝑥2)

tp

𝑑(𝑇𝑥1, 𝑇𝑥2) ≤
1

1− 𝑘
[𝑑(𝑇𝑥1, 𝑇𝑆𝑥1) + 𝑑(𝑇𝑆𝑥2, 𝑇𝑥2)] (3.3.1)
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Oo tfmfdujoh 𝑥0 ∈ 𝑋 boe ef˛ojoh uif jufsbujwf tfrvfodf {𝑥𝑛} cz 𝑥𝑛+1 = 𝑆𝑥𝑛 (frvjw-

bmfoumz, 𝑥𝑛 = 𝑆𝑛𝑥0), 𝑛 = 1, 2, 3, .... Bz (3.3.1) gps boz joejdft 𝑚,𝑛 ∈ 𝑁 ,

𝑑(𝑇𝑥𝑛, 𝑇𝑥𝑚) = 𝑑(𝑇𝑆𝑛𝑥0, 𝑇𝑆
𝑚𝑥0)

≤ 1

1− 𝑘
[𝑑(𝑇𝑆𝑛𝑥0, 𝑇𝑆

𝑛+1𝑥0) + 𝑑(𝑇𝑆𝑚+1𝑥0, 𝑇𝑆
𝑚𝑥0)]

≤ 1

1− 𝑘
[𝑘𝑛𝑑(𝑇𝑥0, 𝑇𝑆𝑥0) + 𝑘𝑚𝑑(𝑇𝑆𝑥0, 𝑇𝑥0)]

ifodf

𝑑(𝑇𝑆𝑛𝑥0, 𝑇𝑆
𝑚𝑥0) ≤

𝑘𝑛 + 𝑘𝑚

1− 𝑘
[𝑑(𝑇𝑥0, 𝑇𝑆𝑥0)] (3.3.2)

Acpwf jofrvbmjuz (3.3.2) boe dpoejujpo 0 < 𝑘 < 1 tipx uibu {𝑇𝑆𝑛𝑥0} jt b Cbvdiz

tfrvfodf boe tjodf 𝑋 jt dpnqmfuf uifsf fyjtut 𝑎 ∈ 𝑋 tvdi uibu

mjn
𝑛→∞

𝑇𝑆𝑛𝑥0 = 𝑎 (3.3.3)

Sjodf 𝑇 jt tvctfrvfoujbmmz dpowfshfou {𝑆𝑛𝑥0} ibt b dpowfshfou tvctfrvfodf. Sp, uifsf

fyjtu 𝑏 ∈ 𝑋 boe {𝑛𝑘}∞𝑘=1 tvdi uibu

mjn
𝑛→∞

𝑆𝑛𝑘𝑥0 = 𝑏

ifodf

mjn
𝑛→∞

𝑇𝑆𝑛𝑘𝑥0 = 𝑇𝑏

boe cz (3.3.3), xf dpodmvef uibu

𝑇𝑏 = 𝑎 (3.3.4)

Sjodf 𝑆 jt dpoujovpvt boe mjn
𝑛→∞

𝑆𝑛𝑘𝑥0 = 𝑏 uifo mjn
𝑛→∞

𝑆𝑛𝑘+1𝑥0 = 𝑆𝑏 boe tp
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mjn
𝑛→∞

𝑇𝑆𝑛𝑘+1𝑥0 = 𝑇𝑆𝑏.

Ahbjo cz (3.3.3), mjn
𝑛→∞

𝑇𝑆𝑛𝑘+1𝑥0 = 𝑎 boe uifsfgpsf 𝑇𝑆𝑏 = 𝑎. Sjodf 𝑇 jt pof-up-pof

boe cz (3.3.4), 𝑆𝑏 = 𝑏. Tifsfgpsf 𝑏 jt b ˛yfe qpjou pg 𝑆.

Sjodf 𝑇 jt pof-up-pof boe 𝑆 jt 𝑇 -dpousbdujpo, 𝑆 ibt b vojrvf ˛yfe qpjou.

Cpspmmbsz 3.3.1. Lfu (𝑋, 𝑑) cf b dpnqmfuf dpof nfusjd tqbdf boe 𝑆 : 𝑋 → 𝑋 cf b

dpousbdujwf nbqqjoh. Tifo 𝑆 ibt b vojrvf ˛yfe qpjou jo 𝑋, boe gps fbdi 𝑥0 ∈ 𝑋 uif

tfrvfodf pg jufsbuft {𝑆𝑛𝑥0} dpowfshft up uijt ˛yfe qpjou.

Psppg. Io uif bcpwf uifpsfn (3.3.1) po ubljoh 𝑇𝑥 = 𝑥 (𝑇 bt jefoujuz gvodujpo), xf

dbo dpodmvef uif qsppg pg dpspmmbsz.

Tifpsfn 3.3.2. Lfu (𝑋, 𝑑) cf b dpnqbdu dpof nfusjd tqbdf boe 𝑇 : 𝑋 → 𝑋 cf b pof-

up-pof boe dpoujovpvt nbqqjoh. Tifo gps fwfsz 𝑇 -dpousbdujwf nbqqjoh 𝑆 : 𝑋 → 𝑋,

𝑆 ibt b vojrvf ˛yfe qpjou. Amtp gps boz 𝑥0 ∈ 𝑋 uif tfrvfodf pg jufsbuft {𝑆𝑛𝑥0}

dpowfshft up uijt ˛yfe qpjou.

Psppg. Tp qspwf bcpwf uifpsfn ˛stu xf xjmm tipx uibu 𝑆 jt dpoujovpvt.

Lfu mjn
𝑛→∞

𝑥𝑛 = 𝑥.

Sjodf 𝑆 jt 𝑇 -dpousbdujwf

𝑑(𝑇𝑆𝑥𝑛, 𝑇𝑆𝑥) ≤ 𝑑(𝑇𝑥𝑛, 𝑇𝑥)

boe evf up dpoujovjuz pg 𝑇 uijt tipxt uibu
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mjn
𝑛→∞

𝑇𝑆𝑥𝑛 = 𝑇𝑆𝑥

Lfu {𝑆𝑥𝑛𝑘
} cf bo bscjusbsz dpowfshfou tvctfrvfodf pg {𝑆𝑥𝑛}.

Tifsf fyjtut b 𝑦 ∈ 𝑋 tvdi uibu

mjn
𝑛→∞

𝑆𝑥𝑛𝑘
= 𝑦.

Ahbjo cz uif dpoujovjuz pg 𝑇 ,

mjn
𝑛→∞

𝑇𝑆𝑥𝑛𝑘
= 𝑇𝑦.

Bz,

mjn
𝑛→∞

𝑇𝑆𝑥𝑛 = 𝑇𝑆𝑥,

xf dpodmvef uibu 𝑇𝑆𝑥 = 𝑇𝑦. Sjodf 𝑇 jt pof-up-pof tp 𝑆𝑥 = 𝑦.

Hfodf, fwfsz dpowfshfou tvctfrvfodf pg {𝑆𝑥𝑛} dpowfshft up 𝑆𝑥.

Npx tjodf 𝑋 jt b dpnqbdu dpof nfusjd tqbdf boe 𝑆, 𝑇 boe dpoujovpvt nbq. Tif uif

nbq

𝜙 : 𝑋 → [0,+∞)

ef˛ofe cz

𝜙(𝑦) = 𝑑(𝑇𝑆𝑦, 𝑇𝑦)

jt dpoujovpvt po 𝑋 boe ifodf cz dpnqbduoftt pg 𝑋 ju buubjot jut njojnvn, tbz bu

𝑥 ∈ 𝑋. Ig 𝑆𝑥 ̸= 𝑥 uifo

𝜙(𝑆𝑥) = 𝑑(𝑇𝑆2𝑥, 𝑇𝑆𝑥) < 𝑑(𝑇𝑆𝑥, 𝑇𝑥)
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xijdi jt b dpousbejdujpo, tp 𝑆𝑥 = 𝑥.

Npx mfu 𝑥0 ∈ 𝑋 boe tfu 𝑎𝑛 = 𝑑(𝑇𝑆𝑛𝑥0, 𝑇𝑥). Sjodf

𝑎𝑛+1 = 𝑑(𝑇𝑆𝑛+1𝑥0, 𝑇𝑥) = 𝑑(𝑇𝑆𝑆𝑛𝑥0, 𝑇𝑆𝑥) ≤ 𝑑(𝑇𝑆𝑛𝑥0, 𝑇𝑥) = 𝑎𝑛

uifo {𝑎𝑛} jt b opo-jodsfbtjoh tfrvfodf pg opoofhbujwf sfbm ovncfst boe tp ibt b

mjnju, tbz 𝑎.

Bz dpnqbduoftt, {𝑇𝑆𝑛𝑥0} ibt b dpowfshfou tvctfrvfodf {𝑇𝑆𝑛𝑘𝑥0}, tbz

mjn
𝑛→∞

𝑇𝑆𝑛𝑘𝑥0 = 𝑧, gps 𝑧 ∈ 𝑋. (3.3.5)

Sjodf 𝑇 jt tfrvfoujbmmz dpowfshfou uifo gps 𝑤 ∈ 𝑋 xf ibwf

mjn
𝑛→∞

𝑇𝑆𝑛𝑘𝑥0 = 𝑤 (3.3.6)

Bz (3.3.5) boe (3.3.6), 𝑇𝑤 = 𝑧. Sp 𝑑(𝑇𝑤, 𝑇𝑥) = 𝑎.

Npx xf tipx uibu 𝑆𝑤 = 𝑥. Ig 𝑆𝑤 ̸= 𝑥, uifo

𝑎 = mjn
𝑛→∞

𝑑(𝑇𝑆𝑛𝑥0, 𝑇𝑥) = mjn
𝑛→∞

𝑑(𝑇𝑆𝑛𝑘𝑥0, 𝑇𝑥)

= 𝑑(𝑇𝑆𝑤, 𝑇𝑥)

= 𝑑(𝑇𝑆𝑤, 𝑇𝑆𝑥)

< 𝑑(𝑇𝑤, 𝑇𝑥) = 𝑎

uibu jt dpousbejdujpo. Sp 𝑆𝑤 = 𝑥 boe ifodf,

mjn
𝑛→∞

𝑑(𝑇𝑆𝑛𝑘+1𝑥0, 𝑇𝑥) = 𝑑(𝑇𝑆𝑤, 𝑇𝑥) = 0
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Tifsfgpsf, mjn
𝑛→∞

𝑑(𝑇𝑆𝑛𝑥0, 𝑇𝑥) = 𝑇𝑥0.

Sjodf 𝑇 jt tfrvfoujbmmz dpowfshfou (cz Pspqptjujpo 3.2.1), uifo mjn
𝑛→∞

𝑑(𝑆𝑛𝑥0, 𝑇𝑥) =

𝑥.

Cpspmmbsz 3.3.2. Lfu (𝑋, 𝑑) cf b dpnqbdu dpof nfusjd tqbdf boe 𝑆 : 𝑋 → 𝑋 cf b

dpousbdujwf nbqqjoh. Tifo 𝑆 ibt b vojrvf ˛yfe qpjou jo 𝑋, boe gps boz 𝑥0 ∈ 𝑋 uif

tfrvfodf pg jufsbuft {𝑆𝑛𝑥0} dpowfshft up uijt ˛yfe qpjou.

Psppg. Psppg jt pcwjpvt gspn uif bcpwf jg xf ublf 𝑇 bt jefoujuz gvodujpo j.f 𝑇𝑥 = 𝑥.

Io 1986, Gfsbme Jvohdl [86] ibwf jouspevdfe ef˛ojujpo pg dpnqbujcmf nbqt po nfusjd

tqbdf (𝑋, 𝑑). Npx up jouspevdf pvs ofyu sftvmu, xf bsf fyufoejoh uif dpodfqu pg

dpnqbujcmf nbqt up dpof nfusjd tqbdf.

Df˛ojujpo 3.3.1. Lfu (𝑋, 𝑑) cf b dpof nfusjd tqbdf, uif tfmg nbqt 𝑆 boe 𝑇 po 𝑋,

jt tbje up cf dpnqbujcmf j¸

mjn
𝑛→∞

𝑑(𝑇𝑆𝑥𝑛, 𝑆𝑇𝑥𝑛) = 0,

xifofwfs {𝑥𝑛} jt b tfrvfodf jo 𝑋 tvdi uibu

mjn
𝑛→∞

𝑆𝑥𝑛 = mjn
𝑛→∞

𝑇𝑥𝑛 = 𝑡,

gps tpnf 𝑡 ∈ 𝑋.
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Npx up efsjwf pvs ofyu sftvmu (3.3.3), xf offe up fyufoe uif qspqptjujpo [86] up uif

dpof nfusjd tqbdf.

Pspqptjujpo 3.3.1. Lfu 𝑆 boe 𝑇 cf dpnqbujcmf tfmg nbqt po b dpof nfusjd tqbdf

(𝑋, 𝑑).

(1) Ig 𝑆𝑡 = 𝑇𝑡, uifo 𝑆𝑇𝑡 = 𝑇𝑆𝑡.

(2) Svqqptf uibu mjn
𝑛→∞

𝑇𝑥𝑛 = mjn
𝑛→∞

𝑆𝑥𝑛 = 𝑡, gps tpnf 𝑡 ∈ 𝑋 boe 𝑥𝑛 ∈ 𝑋.

(b) Ig 𝑆 jt dpoujovpvt bu 𝑡, mjn
𝑛→∞

𝑇𝑆𝑥𝑛 = 𝑆𝑡.

(c) Ig 𝑆 boe 𝑇 bsf dpoujovpvt bu 𝑡, uifo 𝑆𝑡 = 𝑇𝑡 boe 𝑆𝑇𝑡 = 𝑇𝑆𝑡.

Tifpsfn 3.3.3. Lfu 𝑆, 𝑇, 𝑈 cf uisff tfmg nbqt po b dpof nfusjd tqbdf (𝑋, 𝑑) tbujt-

gzjoh gpmmpxjoh dpoejujpot:

(1) 𝑑(𝑇𝑥, 𝑈𝑦) < 𝑎1𝑑(𝑇𝑥, 𝑆𝑥)+𝑎2𝑑(𝑈𝑦, 𝑆𝑦)+𝑎3𝑑(𝑇𝑥, 𝑆𝑦)+𝑎4𝑑(𝑈𝑦, 𝑆𝑥)+𝑎5𝑑(𝑆𝑥, 𝑆𝑦),

gps 𝑥, 𝑦 ∈ 𝑋, xifsf fbdi 𝑎𝑖 > 0 boe nby{𝑎2 + 𝑎4, 𝑎3 + 𝑎4 + 𝑎5} < 1,

(2) 𝑆 jt dpoujovpvt

(3) (𝑆, 𝑇 ) boe (𝑆, 𝑈) bsf dpnqbujcmf qbjst, boe

(4) Tifsf fyjtu b tfrvfodf {𝑥𝑛} jo 𝑋 xijdi jt btznqupujdbmmz 𝑇 -sfhvmbs bt xfmm bt

𝑈-sfhvmbs xjui sftqfdu up 𝑆.

Tifo 𝑆, 𝑇 , boe 𝑈 ibwf b vojrvf dpnnpo ˛yfe qpjou.
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Psppg.

𝑑(𝑆𝑥𝑛, 𝑆𝑥𝑚) ≤ 𝑑(𝑆𝑥𝑛, 𝑇𝑥𝑛) + 𝑑(𝑇𝑥𝑛, 𝑈𝑥𝑚) + 𝑑(𝑈𝑥𝑚, 𝑆𝑥𝑚)

≤ 𝑑(𝑆𝑥𝑛, 𝑇𝑥𝑛) + 𝑎𝑙𝑑(𝑇𝑥𝑛, 𝑆𝑥𝑛) + 𝑎2𝑑(𝑈𝑥𝑚, 𝑆𝑥𝑚) + 𝑎3𝑑(𝑇𝑥𝑛, 𝑆𝑥𝑚)

+ 𝑎4𝑑(𝑈𝑥𝑚, 𝑆𝑥𝑛) + 𝑎5𝑑(𝑆𝑥𝑛, 𝑆𝑥𝑚) + 𝑑(𝑈𝑥𝑚, 𝑆𝑥𝑚)

Tifsfgpsf

𝑑(𝑆𝑥𝑛, 𝑆𝑥𝑚) ≤
(︂

1 + 𝑎1 + 𝑎3
1− 𝑎3 − 𝑎4 − 𝑎5

)︂
𝑑(𝑆𝑥𝑛, 𝑇𝑥𝑛)

+

(︂
1 + 𝑎2 + 𝑎4

1− 𝑎3 − 𝑎4 − 𝑎5

)︂
𝑑(𝑈𝑥𝑚, 𝑆𝑥𝑚)

Tijt tipxt uibu {𝑆𝑥𝑛} jt b Cbvdiz tfrvfodf.

Pvu mjn
𝑛→∞

𝑆𝑥𝑛 = 𝑧, 𝑧 ∈ 𝑋.

Tifo ju gpmmpxt gspn (3) uibu mjn
𝑛→∞

𝑇𝑥𝑛 = 𝑧 boe mjn
𝑛→∞

𝑈𝑥𝑛 = 𝑧.

Amtp cz (2), xf ˛oe uibu 𝑆𝑥𝑛 → 𝑧, 𝑇𝑥𝑛 → 𝑧, 𝑆2𝑥𝑛 → 𝑆𝑧, 𝑆𝑇𝑥𝑛 → 𝑆𝑧 boe 𝑆𝑈𝑥𝑛 → 𝑧.

Npx cz qspqptjujpo (3.3.1) 𝑇𝑆𝑥𝑛 → 𝑆𝑧, tjodf {𝑆, 𝑇} jt b dpnqbujcmf qbjs. Sjnjmbsmz,

xf dpodmvef uibu 𝑆𝑈𝑥𝑛 → 𝑆𝑧 boe 𝑈𝑆𝑥𝑛 → 𝑆𝑧.

𝑑(𝑆𝑧, 𝑈𝑧) ≤ 𝑑(𝑆𝑧, 𝑇𝑆𝑥𝑛) + 𝑑(𝑇𝑆𝑥𝑛, 𝑈𝑧)

≤ 𝑑(𝑆𝑧, 𝑇𝑆𝑥𝑛) + 𝑎𝑙𝑑(𝑇𝑆𝑥𝑛, 𝑆
2𝑥𝑛) + 𝑎2𝑑(𝑈𝑧, 𝑆𝑧)

+ 𝑎3𝑑(𝑇𝑆𝑥𝑛, 𝑆𝑧) + 𝑎4𝑑(𝑈𝑧, 𝑆
2𝑥𝑛) + 𝑎5𝑑(𝑆

2𝑥𝑛, 𝑆𝑧)
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Wf lopx uibu 𝑆2𝑥𝑛 → 𝑆𝑧 boe 𝑇𝑆𝑥𝑛 → 𝑆𝑧 bt 𝑛→ ∞,

𝑑(𝑆𝑧, 𝑈𝑧) ≤ 𝑑(𝑆𝑧, 𝑆𝑧) + 𝑎1𝑑(𝑆𝑧, 𝑆𝑧) + 𝑎2𝑑(𝑈𝑧, 𝑆𝑧)

+ 𝑎3𝑑(𝑆𝑧, 𝑆𝑧) + 𝑎4𝑑(𝑈𝑧, 𝑆𝑧) + 𝑎5𝑑(𝑆𝑧, 𝑆𝑧)

≤ (𝑎2 + 𝑎4)𝑑(𝑈𝑧, 𝑆𝑧)

Sp 𝑆𝑧 = 𝑈𝑧.

Sjnjmbsmz xf dbo tipx uibu 𝑆𝑧 = 𝑇𝑧. Hfodf 𝑆𝑧 = 𝑇𝑧 = 𝑈𝑧.

Npx dpotjefs

𝑑(𝑇𝑥𝑛, 𝑈𝑧) ≤ 𝑎1𝑑(𝑆𝑥𝑛, 𝑇𝑥𝑛) + 𝑎2𝑑(𝑆𝑧, 𝑈𝑧) + 𝑎3𝑑(𝑆𝑧, 𝑇𝑥𝑛)

+ 𝑎4𝑑(𝑆𝑥𝑛, 𝑈𝑧) + 𝑎5𝑑(𝑆𝑥𝑛, 𝑆𝑧)

Oo mfuujoh 𝑛→ ∞, xf hfu

𝑑(𝑧, 𝑈𝑧) ≤ (𝑎3 + 𝑎4 + 𝑎5)𝑑(𝑧, 𝑈𝑧)

hjwjoh uifsf cz 𝑧 = 𝑈𝑧. Tivt 𝑧 jt b dpnnpo ˛yfe qpjou pg 𝑈 boe 𝑆𝑧 = 𝑇𝑧 = 𝑈𝑧

jnqmjft uibu 𝑧 jt dpnnpo ˛yfe qpjou gps 𝑆 boe 𝑇 .

Io psefs up qspwf uif vojrvfoftt pg dpnnpo ˛yfe qpjou, mfu 𝑧1 boe 𝑧2 cf boz uxp
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ejtujodu dpnnpo ˛yfe qpjou pg 𝑆, 𝑇 boe 𝑈 .

𝑑(𝑧1, 𝑧2) = 𝑑(𝑇𝑧1, 𝑈𝑧2)

≤ 𝑎1𝑑(𝑇𝑧1, 𝑆𝑧1) + 𝑎2𝑑(𝑈𝑧2, 𝑆𝑧2) + 𝑎3𝑑(𝑇𝑧1, 𝑆𝑧2)

+ 𝑎4𝑑(𝑈𝑧2, 𝑆𝑧1) + 𝑎5𝑑(𝑆𝑧1, 𝑆𝑧2)

= (𝑎3 + 𝑎4 + 𝑎5)𝑑(𝑧1, 𝑧2)

Wijdi jnqmjft 𝑧1 = 𝑧2. Tijt dpnqmfuft uif qsppg.

3.4 Cpodmvtjpot

Io uijt dibqufs tpnf ˛yfe qpjou uifpsfnt jo dpof nfusjd tqbdft ibwf cffo efsjwfe

gps:

∙ 𝑇 -dpousbdujpo

∙ Cpnqbujcmf nbqt

∙ Atznqupujdbmmz sfhvmbs nbqt



Cibqufs 4

Spnf Fjyfe Ppjou Tifpsfnt jo

𝐺-Mfusjd Sqbdf

Io uijt dibqufs uif xfmm lopxo opujpo pg b dzdmjd dpousbdujpo gps b ˛ojuf gbnjmz pg

opo-fnquz tvctfut ibt cffo fyufoefe gps 𝐺-nfusjd tqbdf 𝑋.

4.1 Iouspevdujpo

Tispvhipvu uijt dibqufs N efopuft uif tfu pg obuvsbm ovncfst boe ˘ uif dmbtt pg uif

gvodujpot 𝜙 : [0, 1) → [0, 1) tbujtgzjoh:

(b) 𝜙 jt dpoujovpvt boe npopupof opoefdsfbtjoh,

46
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(c) 𝜙(𝑡) = 0, 𝑡 = 0.

Tif gvodujpo 𝜙 ∈ ˘ jt bmtp lopxo bt bmufsjoh ejtubodf gvodujpo (d.g. [101]).

Hfsfjo uijt dibqufs efsjwfe sftvmut bsf uif hfofsbmj{bujpo pg sfdfou ˛yfe qpjou uifp-

sfnt pg [97], [106], [118].

4.2 Czdmjd Cpousbdujpo

Kjsl fu bm. [106] jouspevdfe uif gpmmpxjoh opujpo pg dzdmjd nbqqjoht boe pcubjofe b

˛yfe qpjou uifpsfn (tff Tifpsfn 4.2.1 cfmpx).

Df˛ojujpo 4.2.1. Lfu 𝐴1, 𝐴2, ..., 𝐴𝑝 cf opofnquz tvctfut pg b nfusjd tqbdf (𝑋, 𝑑).

A nbqqjoh 𝑇 :
𝑝⋃︀

𝑖=1

𝐴𝑖 →
𝑝⋃︀

𝑖=1

𝐴𝑖 jt dbmmfe b dzdmjd nbqqjoh (ps 𝑝-dzdmjd nbqqjoh) jg

𝑇 (𝐴𝑖) ⊆ 𝐴𝑖+1, xifsf 𝐴𝑝+1 = 𝐴1 gps 𝑖 = 1, 2, ..., 𝑝.

Tifpsfn 4.2.1. Lfu 𝐴1, 𝐴2, ..., 𝐴𝑝 cf opofnquz dmptfe tvctfut pg b dpnqmfuf nfusjd

tqbdf boe 𝑇 :
𝑝⋃︀

𝑖=1

𝐴𝑖 →
𝑝⋃︀

𝑖=1

𝐴𝑖 dzdmjd nbqqjoh. Attvnf uibu uifsf fyjtut 𝑘 ∈ (0, 1) tvdi

uibu

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑘𝑑(𝑥, 𝑦) gps bmm 𝑥 ∈ 𝐴𝑖 boe 𝑦 ∈ 𝐴𝑖+1.

Tifo 𝑇 ibt b vojrvf ˛yfe qpjou.
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Wf sfgfs up [12, 53, 63, 96|99, 106, 120, 178] boe sfgfsfodft uifsfpg gps b efubjmfe

tuvez pg dzdmjd nbqqjoht.

Rfdfoumz, Kbsbqjobs fu.bm. [97] (tff bmtp [96]) dpncjofe uif jefbt pg (𝜓, 𝜙)- xfblmz

dpousbdujpot, boe dzdmjd dpousbdujpot boe jouspevdfe uif opujpo pg dzdmjd xfbl (𝜓, 𝜙)-

dpousbdujpo bt gpmmpxt:

Df˛ojujpo 4.2.2. Lfu 𝐴1, 𝐴2, ...𝐴𝑝 cf opofnquz tvctfut pg b nfusjd tqbdf (𝑋, 𝑑) tvdi

uibu 𝑋 =
𝑝⋃︀

𝑖=1

{𝐴𝑖}. A nbqqjoh 𝑇 : 𝑋 → 𝑋 jt tbje up cf dzdmjd xfbl (𝜓, 𝜙)-dpousbdujpo

jg

1. 𝑋 =
𝑝⋃︀

𝑖=1

{𝐴𝑖} jt b dzdmjd sfqsftfoubujpo pg 𝑋 xjui sftqfdu up 𝑇 ,

2. 𝜓(𝑑(𝑇𝑥, 𝑇𝑦)) ≤ 𝜓(𝑑(𝑥, 𝑦))− 𝜙(𝑑(𝑥, 𝑦)) gps bmm 𝑥 ∈ 𝐴𝑖 boe 𝑦 ∈ 𝐴𝑖+1,

xifsf 𝜓, 𝜙 ∈ ˘ boe 𝐴𝑝+1 ⊆ 𝐴1.

Fpmmpxjoh uifpsfn jt uif nbjo sftvmu jo [97].

Tifpsfn 4.2.2. Lfu (𝑋, 𝑑) cf b nfusjd tqbdf boe 𝐴1, 𝐴2, ..., 𝐴𝑝 opofnquz dmptfe

tvctfut pg 𝑋 tvdi uibu 𝑋 =
𝑝⋃︀

𝑖=1

{𝐴𝑖}. Lfu 𝑇 : 𝑋 → 𝑋 cf b dzdmjd xfbl (𝜓, 𝜙)-

dpousbdujpo. Tifo 𝑇 ibt b vojrvf ˛yfe qpjou 𝑧 ∈
𝑝⋂︀

𝑖=1

𝐴𝑖.

Bfgpsf tqsfbejoh uif bcpwf uifpsfnt jo b 𝐺-nfusjd tqbdf, Lfu vt sfdbmm tpnf ef˛-

ojujpot, qspqptjujpot boe qspqfsujft pg 𝐺-nfusjd tqbdft hjwfo cz Mvtubgb boe Sjnt
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[119].

4.3 𝐺-nfusjd tqbdf

Df˛ojujpo 4.3.1. Lfu 𝑋 cf b opofnquz tfu, boe mfu 𝐺 : 𝑋 × 𝑋 × 𝑋 → R+ cf b

gvodujpo tbujtgzjoh uif gpmmpxjoh byjpnt:

(G1) 𝐺(𝑥, 𝑦, 𝑧) = 0 𝑖𝑓 𝑥 = 𝑦 = 𝑧,

(G2) 0 < 𝐺(𝑥, 𝑥, 𝑦) gps bmm 𝑥, 𝑦 ∈ 𝑋 xjui 𝑥 ̸= 𝑦,

(G3) 𝐺(𝑥, 𝑥, 𝑦) ≤ 𝐺(𝑥, 𝑦, 𝑧) gps bmm 𝑥, 𝑦, 𝑧 ∈ 𝑋 xjui 𝑧 ̸= 𝑦,

(G4) 𝐺(𝑥, 𝑦, 𝑧) = 𝐺(𝑥, 𝑧, 𝑦) = 𝐺(𝑦, 𝑧, 𝑥) = ..., tznnfusz jo bmm uisff wbsjbcmft boe

(G5) 𝐺(𝑥, 𝑦, 𝑧) ≤ 𝐺(𝑥, 𝑎, 𝑎) +𝐺(𝑎, 𝑦, 𝑧) gps bmm 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋.

Tifo uif gvodujpo 𝐺 jt dbmmfe b hfofsbmj{fe nfusjd, ps, npsf tqfdj˛dbmmz, b 𝐺-nfusjd

po 𝑋, boe uif qbjs (𝑋,𝐺) jt dbmmfe b 𝐺-nfusjd tqbdf.

Df˛ojujpo 4.3.2. Lfu (𝑋,𝐺) cf b 𝐺-nfusjd tqbdf, boe mfu {𝑥𝑛} b tfrvfodf pg qpjout

jo 𝑋, b qpjou 𝑥 jo 𝑋 jt tbje up cf uif mjnju pg uif tfrvfodf {𝑥𝑛} jg

mjn
𝑚,𝑛→0

𝐺(𝑥, 𝑥𝑛, 𝑥𝑚) = 0.

Tifo xf dbo tbzt uibu tfrvfodf {𝑥𝑛} jt 𝐺-dpowfshfou up 𝑥.



50

Pspqptjujpo 4.3.1. Lfu (𝑋,𝐺) cf b 𝐺-nfusjd tqbdf. Tifo uif gpmmpxjoh bsf frvjwb-

mfou:

(j) {𝑥𝑛} jt 𝐺-dpowfshfou up 𝑥,

(jj) 𝐺(𝑥𝑛, 𝑥𝑛, 𝑥) → 0 bt 𝑛→ ∞,

(jjj) 𝐺(𝑥𝑛, 𝑥, 𝑥) = 0 bt 𝑛→ ∞,

(jw) 𝐺(𝑥𝑚, 𝑥𝑛, 𝑥) = 0 bt 𝑚,𝑛→ ∞.

Df˛ojujpo 4.3.3. Lfu (𝑋,𝐺) cf b 𝐺-nfusjd tqbdf. A tfrvfodf {𝑥𝑛} jt dbmmfe

𝐺-Cbvdiz jg, gps fbdi 𝜀 > 0, uifsf fyjtu b qptjujwf joufhfs 𝑁 tvdi uibu

𝐺(𝑥𝑚, 𝑥𝑛, 𝑥𝑙) < 𝜀,

gps bmm 𝑛,𝑚, 𝑙 ≥ 𝑁 .

Pspqptjujpo 4.3.2. Lfu (𝑋,𝐺) cf b 𝐺-nfusjd tqbdf. Tifo uif gvodujpo 𝐺(𝑥, 𝑦, 𝑧) jt

kpjoumz dpoujovpvt jo bmm uisff pg jut wbsjbcmft.

Df˛ojujpo 4.3.4. A𝐺-nfusjd tqbdf (𝑋,𝐺) jt tbje up cf𝐺-dpnqmfuf jg fwfsz𝐺-Cbvdiz

Sfrvfodf jo (𝑋,𝐺) jt 𝐺-dpowfshfou jo 𝑋.

Pspqptjujpo 4.3.3. Lfu (𝑋,𝐺) cf b 𝐺-nfusjd tqbdf. Tifo gps 𝑥, 𝑦, 𝑧 ∈ 𝑋 ju gpmmpxt

uibu:

(j) Ig 𝐺(𝑥, 𝑦, 𝑧) = 0 uifo 𝑥 = 𝑦 = 𝑧,
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(jj) 𝐺(𝑥, 𝑦, 𝑧) ≤ 𝐺(𝑥, 𝑥, 𝑦) +𝐺(𝑥, 𝑥, 𝑧),

(jjj) 𝐺(𝑥, 𝑦, 𝑦) ≤ 2𝐺(𝑦, 𝑥, 𝑥),

(jw) 𝐺(𝑥, 𝑦, 𝑧) ≤ 𝐺(𝑥, 𝑎, 𝑧) +𝐺(𝑎, 𝑦, 𝑧),

(w) 𝐺(𝑥, 𝑦, 𝑧) ≤ 2
3
(𝐺(𝑥, 𝑦, 𝑎) +𝐺(𝑥, 𝑎, 𝑧) +𝐺(𝑎, 𝑦, 𝑧)),

(wj) 𝐺(𝑥, 𝑦, 𝑧) ≤ (𝐺(𝑥, 𝑎, 𝑎) +𝐺(𝑦, 𝑎, 𝑎) +𝐺(𝑧, 𝑎, 𝑎)).

4.4 Fjyfe Ppjou Rftvmut

Fjstu xf fyufoe uif Df˛ojujpo 4.2.1 up 𝐺-nfusjd tqbdf.

Df˛ojujpo 4.4.1. Lfu 𝐴1, 𝐴2, ..., 𝐴𝑝 cf opofnquz tvctfut pg b 𝐺-nfusjd tqbdf (𝑋,𝐺).

A nbqqjoh 𝑇 :
𝑝⋃︀

𝑖=1

𝐴𝑖 →
𝑝⋃︀

𝑖=1

𝐴𝑖 jt dbmmfe b dzdmjd nbqqjoh po 𝐺-nfusjd tqbdf, jg

𝑇 (𝐴𝑖) ⊆ 𝐴𝑖+1, xifsf 𝐴𝑝+1 = 𝐴1 gps 𝑖 = 1, 2, ..., 𝑝.

Npx xf fyufoe uif Tifpsfn 4.2.1 po 𝐺-nfusjd tqbdf.

Tifpsfn 4.4.1. Lfu 𝐴1, 𝐴2, ..., 𝐴𝑝 cf opofnquz dmptfe tvctfut pg b 𝐺-dpnqmfuf 𝐺-

nfusjd tqbdf (𝑋,𝐺), bu mfbtu pof pg xijdi jt dpnqbdu boe tvqqptf 𝑇 :
𝑝⋃︀

𝑖=1

𝐴𝑖 →
𝑝⋃︀

𝑖=1

𝐴𝑖

jt b dzdmjd nbqqjoh, tvdi uibu

𝐺(𝑇𝑥, 𝑇𝑥, 𝑇𝑦) ≤ 𝑘𝐺(𝑥, 𝑥, 𝑦) gps bmm 𝑥 ∈ 𝐴𝑖, 𝑦 ∈ 𝐴𝑖+1 boe 𝑘 ∈ (0, 1).



52

Tifo 𝑇 ibt b vojrvf ˛yfe qpjou.

Psppg. Lfu 𝐴1 jt dpnqbdu boe

𝑑 = 𝑑𝑖𝑠𝑡(𝐴1, 𝐴𝑝) := jog{𝐺(𝑥, 𝑥, 𝑦) : 𝑥 ∈ 𝐴1, 𝑦 ∈ 𝐴𝑝}.

Npx cz dpnqbduoftt pg 𝐴1 uifsf fyjtut 𝑥0 ∈ 𝐴1 boe b tfrvfodf {𝑢𝑛} ∈ 𝐴𝑝 tvdi uibu

mjn
𝑛→∞

𝐺 (𝑥0, 𝑥0, 𝑢𝑛) = 𝑑.

Sjodf 𝑑 > 0, uifo

𝐺(𝑇 𝑝+1𝑥0, 𝑇
𝑝+1𝑥0, 𝑇

𝑝+1𝑢𝑛) < ... < 𝐺(𝑇𝑥0, 𝑇𝑥0, 𝑇𝑢𝑛) < 𝐺(𝑥0, 𝑥0, 𝑢𝑛). (4.4.1)

Sjodf uif tfrvfodf
{︀
𝑇 {𝑝+1}(𝑢𝑛)

}︀∞
𝑛=1

⊂ 𝐴1 boe 𝐴1 jt dpnqbdu, uijt tfrvfodf ibt b

tvctfrvfodf uibu dpowfshft up tpnf 𝑧 ∈ 𝐴1.

Npx cz (4.4.1) boe dpoujovjuz pg uif ejtubodf gvodujpo ju nvtu cf uif dbtf uibu

𝐺(𝑧, 𝑧, 𝑇 𝑝+1𝑥0) ≤ 𝑑.

Hpxfwfs uijt jnqmjft

𝐺(𝑇 𝑝−1𝑧, 𝑇 𝑝−1𝑧, 𝑇 2𝑝𝑥0) ≤ 𝑑.

Sjodf 𝑇 𝑝−1𝑧 ∈ 𝐴𝑝 boe 𝑇 2𝑝𝑥0 ∈ 𝐴1 xf ibwf b dpousbejdujpo. Wf dpodmvef uifsfgpsf

uibu 𝑑 = 0 boe 𝐴1 ∩ 𝐴𝑝 ̸= 𝜑. Tivt 𝐴1 ∩ 𝐴2 ̸= 𝜑.

Wf opx dpotjefs uif tfut 𝐴′
1 = 𝐴1 ∩ 𝐴2, 𝐴

′
2 = 𝐴2 ∩ 𝐴3, ,𝐴′

𝑃 = 𝐴𝑃 ∩ 𝐴1. Io wjfx pg

uifpsfn uiftf tfut bsf bmm opofnquz (boe dmptfe) boe 𝐴′
1 jt dpnqbdu. Tivt dpoejujpot
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pg uif uifpsfn ipme gps 𝑇 boe uif gbnjmz {𝐴′
𝑖}

𝑝
𝑖=1, boe cz sfqfbujoh uif bshvnfou

kvtu hjwfo xf dpodmvef

𝐴′
1 ∩ 𝐴′

𝑝 ̸= 𝜑.

Tijt jo uvso jnqmjft 𝐴1 ∩ 𝐴2 ∩ 𝐴3 ̸= 𝜑. Cpoujovjoh tufq-cz-tufq xf dpodmvef

𝐴 :=

𝑝⋂︁
𝑖=1

𝐴𝑖 = 𝜑.

Sjodf 𝐴 jt dpnqbdu boe uif sftusjdujpo pg 𝑇 up 𝐴 jt dpousbdujwf, xf dpodmvef uibu 𝑇

ibt b vojrvf ˛yfe qpjou jo 𝐴. Uojrvfoftt gpmmpxt gspn uif gbdu uibu boz ˛yfe qpjou

pg 𝑇 ofdfttbsjmz mjft jo 𝐴.

Tp qsftfou pvs ofyu sftvmu xf offe uif fyufotjpo pg uif ef˛ojujpo 4.2.2 up 𝐺-nfusjd

tqbdf.

Df˛ojujpo 4.4.2. Lfu 𝐴1, 𝐴2, ...𝐴𝑝 cf opofnquz tvctfut pg b 𝐺-nfusjd tqbdf (𝑋,𝐺)

tvdi uibu 𝑋 =
𝑝⋃︀

𝑖=1

{𝐴𝑖}. A nbqqjoh 𝑇 : 𝑋 → 𝑋 jt tbje up cf dzdmjd xfbl (𝜓, 𝜙)-

dpousbdujpo jg

1. 𝑋 =
𝑝⋃︀

𝑖=1

{𝐴𝑖} jt b dzdmjd sfqsftfoubujpo pg 𝑋 xjui sftqfdu up 𝑇 ,

2. 𝜓(𝐺(𝑇𝑥, 𝑇𝑥, 𝑇𝑦)) ≤ 𝜓(𝐺𝑥, 𝑥, 𝑦)− 𝜙(𝐺𝑥, 𝑥, 𝑦) gps bmm 𝑥 ∈ 𝐴𝑖 boe 𝑦 ∈ 𝐴𝑖+1.

xifsf 𝜓, 𝜙 ∈ ˘ boe 𝐴𝑝+1 ⊆ 𝐴1.

Fpmmpxjoh uifpsfn jt bo fyufotjpo pg Tifpsfn 4.2.2 up 𝐺-nfusjd tqbdf.
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Tifpsfn 4.4.2. Lfu (𝑋,𝐺) cf b dpnqmfuf 𝐺-nfusjd tqbdf boe 𝐴1, 𝐴2, ..., 𝐴𝑝 opofnquz

dmptfe tvctfut pg 𝑋 tvdi uibu 𝑋 =
𝑝⋃︀

𝑖=1

{𝐴𝑖}. Lfu 𝑇 : 𝑋 → 𝑋 cf b dzdmjd xfbl (𝜓, 𝜙)-

dpousbdujpo. Tifo 𝑇 ibt b vojrvf ˛yfe qpjou 𝑧 ∈
𝑝⋂︀

𝑖=1

𝐴𝑖.

Psppg. Tblf 𝑥0 ∈ 𝑋 boe dpotjefs uif tfrvfodf hjwfo cz

𝑥𝑛+1 = 𝑇𝑥𝑛, 𝑛 = 0, 1, 2, ....

Ig uifsf fyjtut 𝑛0 ∈ N tvdi uibu 𝑥𝑛0+1 = 𝑥𝑛0 uifo, tjodf 𝑥𝑛0+1 = 𝑇𝑥𝑛0 = 𝑥𝑛0 ,

uif qbsu pg fyjtufodf pg uif ˛yfe qpjou jt qspwfe. Svqqptf uibu 𝑥𝑛+1 ̸= 𝑥𝑛 gps boz

𝑛 = 0, 1, 2, .... Tifo, tjodf 𝑋 =
𝑝⋃︀

𝑖=1

𝐴𝑖, gps boz 𝑛 > 0 uifsf fyjtut 𝑖𝑛 ∈ {1, 2, ...,𝑚}

tvdi uibu 𝑥𝑛−1 ∈ 𝐴𝑖𝑛 boe 𝑥𝑛 ∈ 𝐴𝑖𝑛+1 . Sjodf 𝑇 jt b dzdmjd (𝜓, 𝜙)-dpousbdujpo, xf ibwf

𝜓(𝐺(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1)) = 𝜓(𝐺(𝑇𝑥𝑛−1, 𝑇𝑥𝑛−1, 𝑇𝑥𝑛)).

≤ 𝜓(𝐺(𝑥𝑛−1, 𝑥𝑛−1, 𝑥𝑛))− 𝜙(𝐺(𝑥𝑛−1, 𝑥𝑛−1, 𝑥𝑛)) ≤ 𝜓(𝐺(𝑥𝑛−1, 𝑥𝑛−1, 𝑥𝑛)). (4.4.2)

Fspn (4.4.2) boe po ubljoh joup bddpvou uibu 𝜙 jt opoefdsfbtjoh xf pcubjo

𝐺(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1) ≤ 𝐺(𝑥𝑛−1, 𝑥𝑛−1, 𝑥𝑛) gps boz 𝑛 = 1, 2, ....

Tivt {𝐺(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1)} jt b opoefdsfbtjoh tfrvfodf pg opoofhbujwf sfbm ovncfst.

Cpotfrvfoumz, uifsf fyjtut 𝜆 ≥ 0 tvdi uibu mjn
𝑛→∞

𝐺(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1) = 𝜆. Tbljoh 𝑛 → ∞

jo (4.4.2) boe vtjoh uif dpoujovjuz pg 𝜓 boe 𝜙, xf ibwf

𝜓(𝜆) ≤ 𝜓(𝜆)− 𝜙(𝜆),



55

boe, uifsfgpsf, 𝜓(𝜆) = 0. Sjodf 𝜓 ∈ 𝐹 , 𝜆 = 0, uibu jt,

mjn
𝑛→∞

𝐺(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1) = 0. (4.4.3)

Io uif tfrvfm, xf xjmm qspwf uibu {𝑥𝑛} jt b 𝐺-Cbvdiz tfrvfodf.

Lfu

𝐺(𝑥𝑝, 𝑥𝑝, 𝑥𝑞) ≤
𝜖

2
. (4.4.4)

Sjodf mjn
𝑛→∞

𝐺(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1) = 0 xf bmtp ˛oe 𝑛1 ∈ N tvdi uibu

𝐺(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1) ≤
𝜖

2
. (4.4.5)

gps boz 𝑛 ≥ 𝑛1.

Svqqptf uibu 𝑎, 𝑏 ≥ nby{𝑛0, 𝑛1} boe 𝑠 > 𝑟. Tifo uifsf fyjtut 𝑗 ∈ {1, 2, ...,𝑚} tvdi

uibu 𝑏− 𝑎 ≡ 𝑗. Tifsfgpsf, 𝑏− 𝑎+ 𝑘 ≡ 1 gps 𝑘 = 𝑚− 𝑗 + 1. Sp, xf ibwf,

𝐺(𝑥𝑎, 𝑥𝑎, 𝑥𝑏) ≤ 𝐺(𝑥𝑎, 𝑥𝑎, 𝑥𝑏+𝑘)+𝐺(𝑥𝑎+𝑘, 𝑥𝑎+𝑘, 𝑥𝑏+𝑘−1)+...+𝐺(𝑥𝑏+1, 𝑥𝑏+1, 𝑥𝑏). (4.4.6)

Npx Bz (4.4.4), (4.4.5) boe (4.4.6), xf hfu

𝐺(𝑥𝑎, 𝑥𝑎, 𝑥𝑏) ≤
𝜖

2
+ 𝑘

𝜖

2𝑚
≤ 𝜖

2
+𝑚

𝜖

2𝑚
= 𝜖. (4.4.7)

Tijt qspwft uibu {𝑥𝑛} jt b 𝐺-Cbvdiz tfrvfodf. Sjodf 𝑋 jt b dpnqmfuf nfusjd tqbdf,

uifsf fyjtut 𝑥 ∈ 𝑋 tvdi uibu mjn
𝑛→∞

𝑥𝑛 = 𝑥.

Np xf xjmm tipx uibu 𝑥 jt b ˛yfe qpjou pg 𝑇 . Sjodf 𝑋 jt b dzdmjd sfqsftfoubujpo xjui

sftqfdu up 𝑇 , uifo uif tfrvfodf {𝑥𝑛} ibt jo˛ojuf ufsnt jo fbdi 𝐴𝑖 gps 𝑖 ∈ {1, 2, ...,𝑚}.
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Lfu 𝑥 ∈ 𝐴𝑖, 𝑇𝑥 ∈ 𝐴𝑖+1 boe xf ublf b tvctfrvfodf {𝑥𝑛𝑘
} pg {𝑥𝑛} xjui 𝑥𝑛𝑘

∈ 𝐴𝑖−1,

uifo cz uif vtf pg dpousbdujwf dpoejujpo, xf dbo pcubjo,

𝜓(𝐺(𝑥𝑛𝑘+1
, 𝑥𝑛𝑘+1

, 𝑇𝑥)) = 𝜓(𝐺(𝑇𝑥𝑛𝑘
, 𝑇𝑥𝑛𝑘

, 𝑇𝑥)),

≤ 𝜓(𝐺(𝑇𝑥𝑛𝑘
, 𝑇𝑥𝑛𝑘

, 𝑥))− 𝜙(𝐺(𝑥𝑛𝑘
, 𝑥𝑛𝑘

, 𝑥)) ≤ 𝜓(𝐺(𝑥𝑛𝑘
, 𝑥𝑛𝑘

, 𝑥)), (4.4.8)

boe tjodf 𝑥𝑛𝑘
→ 𝑥 boe 𝜙 boe 𝜓 cfmpoh up 𝑇 , mfuujoh 𝑘 → ∞ jo uif (4.4.8), xf ibwf

𝜓(𝐺(𝑥, 𝑥, 𝑇𝑥)) ≤ 𝜓(𝐺(𝑥, 𝑥, 𝑥)) = 𝜓(0) = 0,

ps, frvjwbmfoumz, 𝜓(𝐺(𝑥, 𝑥, 𝑇𝑥)) = 0. Tifsfgpsf 𝑥 jt b ˛yfe qpjou pg 𝑇 .

Fjobmmz, up qspwf uif vojrvfoftt pg uif ˛yfe qpjou, xf ibwf 𝑦, 𝑧 ∈ 𝑋 xjui 𝑦 boe 𝑧

bt ˛yfe qpjout pg 𝑇 . Tif dzdmjd dibsbdufs pg 𝑇 boe uif gbdu uibu 𝑦, 𝑧 ∈ 𝑋 bsf ˛yfe

qpjout pg 𝑇 , jnqmz uibu 𝑦, 𝑧 ∈
𝑚⋂︀
𝑖=1

𝐴𝑖. Utjoh uif dpousbdujwf dpoejujpo xf pcubjo

𝜓(𝐺(𝑦, 𝑦, 𝑧)) ≤ 𝜓(𝐺(𝑇𝑦, 𝑇𝑦, 𝑇𝑥)),

≤ 𝜓(𝐺(𝑦, 𝑦, 𝑧))− 𝜙(𝐺(𝑦, 𝑦, 𝑧)) ≤ 𝜓(𝐺(𝑦, 𝑦, 𝑧)), (4.4.9)

ifodf 𝜓(𝐺(𝑦, 𝑦, 𝑧)) = 0 uivt 𝐺(𝑦, 𝑦, 𝑧) = 0 boe dpotfrvfoumz 𝑦 = 𝑧. Tijt qspwf uif

vojrvfoftt pg uif ˛yfe qpjou.

Npx up fyufoe uif uifpsfn Tifpsfn 2.3 [118] bt pvs ofyu sftvmu xf offe uif gpmmpxjoh

ef˛ojujpo jo 𝐺-nfusjd tqbdf.

Df˛ojujpo 4.4.3. Lfu 𝐴1, 𝐴2, ..., 𝐴𝑝 cf opofnquz tvctfut pg b 𝐺-nfusjd tqbdf (𝑋,𝐺).
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A dzdmjd nbqqjoh 𝑇 :
𝑝⋃︀

𝑖=1

𝐴𝑖 →
𝑝⋃︀

𝑖=1

𝐴𝑖 xjmm cf dbmmfe b hfofsbmj{fe dzdmjd xfbl (𝜓, 𝜙)-

dpousbdujpo jg

𝜓(𝐺(𝑇𝑥, 𝑇𝑥, 𝑇𝑦)) ≤ 𝜓(𝑀(𝑥, 𝑥, 𝑦))− 𝜙(𝑀(𝑥, 𝑥, 𝑦)) (4.4.10)

gps bmm 𝑥 ∈ 𝐴𝑖 boe 𝑦 ∈ 𝐴𝑖+1, xifsf 𝜓, 𝜙 ∈ ˘, 𝐴𝑝+1 = 𝐴1 boe 𝑀(𝑥, 𝑥, 𝑦) =

nby {𝐺(𝑥, 𝑥, 𝑦), 𝐺(𝑥, 𝑥, 𝑇𝑥), 𝐺(𝑦, 𝑦, 𝑇𝑦), 𝐺(𝑥,𝑥,𝑇𝑦)+𝐺(𝑦,𝑦,𝑇𝑥)
2

}.

Tifpsfn 4.4.3. Lfu 𝐴1, 𝐴2, ..., 𝐴𝑝 cf opofnquz dmptfe tvctfut pg b dpnqmfuf 𝐺-nfusjd

tqbdf (𝑋,𝐺) boe 𝑇 :
𝑝⋃︀

𝑖=1

𝐴𝑖 →
𝑝⋃︀

𝑖=1

𝐴𝑖 cf b hfofsbmj{fe dzdmjd xfbl nbqqjoh po 𝑋. Tifo

𝑇 ibt b vojrvf ˛yfe qpjou 𝑧 ∈
𝑝⋂︀

𝑖=1

𝐴𝑖.

Psppg. Svqqptf gps tpnf 𝑖 ∈ {1, 2, ..., 𝑝} uifsf fyjtut bo 𝑥 ∈ 𝐴𝑖 tbujtgzjoh (4.4.10).

Sjodf gps boz 𝑛 ∈ N, fjuifs 𝑛 ps 𝑛+ 1 jt fwfo, xf ibwf

𝜓(𝐺(𝑇 𝑛𝑥, 𝑇 𝑛𝑥, 𝑇 𝑛+1𝑥)) ≤ 𝜓(𝑀(𝑇 𝑛−1𝑥, 𝑇 𝑛−1𝑥, 𝑇 𝑛𝑥))−

𝜙(𝑀(𝑇 𝑛−1𝑥, 𝑇 𝑛−1𝑥, 𝑇 𝑛𝑥)). (4.4.11)

≤ 𝜓(𝑀(𝑇 𝑛−1𝑥, 𝑇 𝑛−1𝑥, 𝑇 𝑛𝑥).

Sjodf 𝜓 jt opoefdsfbtjoh, xf ibwf

𝐺(𝑇 𝑛𝑥, 𝑇 𝑛𝑥, 𝑇 𝑛+1𝑥) ≤ nby{𝐺(𝑇 𝑛−1𝑥, 𝑇 𝑛−1𝑥, 𝑇 𝑛𝑥), 𝐺(𝑇 𝑛−1𝑥, 𝑇 𝑛−1𝑥, 𝑇 𝑛𝑥),

𝐺(𝑇 𝑛𝑥, 𝑇 𝑛𝑥, 𝑇 𝑛+1𝑥),
𝐺(𝑇 𝑛−1𝑥, 𝑇 𝑛−1𝑥, 𝑇 𝑛+1𝑥) +𝐺(𝑇 𝑛+1𝑥, 𝑇 𝑛+1𝑥, 𝑇 𝑛+1𝑥)

2
}

≤ 𝐺(𝑇 𝑛−1𝑥, 𝑇 𝑛−1𝑥, 𝑇 𝑛𝑥),
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gps 𝑛 ∈ N. Tivt 𝐺(𝑇 𝑛𝑥, 𝑇 𝑛𝑥, 𝑇 𝑛+1𝑥) jt b efdsfbtjoh tfrvfodf pg opoofhbujwf sfbm

ovncfst. Ig mjn
𝑛→∞

𝐺(𝑇 𝑛𝑥, 𝑇 𝑛𝑥, 𝑇 𝑛+1𝑥) = 𝑟 gps tpnf 𝑟 > 0. Mbljoh 𝑛→ ∞ jo (4.4.11)

boe vtjoh uif dpoujovjuz pg 𝜓 boe 𝜙, xf ibwf

𝜓(𝑟) ≤ 𝜓(𝑟)− 𝜙(𝑟) ≤ 𝜓(𝑟),

xijdi jt b dpousbejdujpo. Hfodf

mjn
𝑛→∞

𝐺(𝑇 𝑛𝑥, 𝑇 𝑛𝑥, 𝑇 𝑛+1𝑥) = 0

Npx xf tipx uibu {𝑇 𝑛𝑥} jt b 𝐺-Cbvdiz tfrvfodf.

Svqqptf {𝑇 𝑛𝑥} jt opu 𝐺-Cbvdiz, uifo uifsf fyjtut 𝜇 > 0 boe jodsfbtjoh tfrvfodft

{𝑚𝑘} boe {𝑛𝑘} pg qptjujwf joufhfst tvdi uibu gps bmm 𝑛 ≤ 𝑚𝑘 < 𝑛𝑘,

𝐺(𝑇𝑚𝑘𝑥, 𝑇𝑚𝑘𝑥, 𝑇 𝑛𝑘𝑥) ≥ 𝜇

boe

𝐺(𝑇𝑚𝑘𝑥, 𝑇𝑚𝑘𝑥, 𝑇 𝑛𝑘−1𝑥) < 𝜇.

Bz uif usjbohmf jofrvbmjuz,

𝐺(𝑇𝑚𝑘𝑥, 𝑇𝑚𝑘𝑥, 𝑇 𝑛𝑘𝑥) ≤ 𝐺(𝑇𝑚𝑘𝑥, 𝑇𝑚𝑘𝑥, 𝑇 𝑛𝑘−1𝑥) +𝐺(𝑇 𝑛𝑘−1𝑥, 𝑇 𝑛𝑘−1𝑥, 𝑇 𝑛𝑘𝑥).

Iu gpmmpxt uibu

𝐺(𝑇𝑚𝑘𝑥, 𝑇𝑚𝑘𝑥, 𝑇 𝑛𝑘𝑥) = 𝜇.
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Npx cz (4.4.10), xf ibwf

𝜓(𝐺(𝑇𝑚𝑘+1𝑥, 𝑇𝑚𝑘+1𝑥, 𝑇 𝑛𝑘+1𝑥)) = 𝜓(𝐺(𝑇𝑇𝑚𝑘𝑥, 𝑇𝑇𝑚𝑘𝑥, 𝑇𝑇 𝑛𝑘𝑥))

≤ 𝜓((𝑀(𝑇𝑚𝑘𝑥, 𝑇𝑚𝑘𝑥, 𝑇 𝑛𝑘𝑥)))− 𝜙((𝑀(𝑇𝑚𝑘𝑥, 𝑇𝑚𝑘𝑥, 𝑇 𝑛𝑘𝑥)))

≤ 𝜓((𝑀(𝑇𝑚𝑘𝑥, 𝑇𝑚𝑘𝑥, 𝑇 𝑛𝑘𝑥))).

nbljoh 𝑘 → ∞,

𝜓(𝜇) ≤ 𝜓(𝜇)− 𝜙(𝜇) ≤ 𝜓(𝜇),

jt b dpousbejdujpo vomftt 𝜇 = 0.

Bvu jg 𝜇 = 0 uifo ju dpousbejdut pvs bttvnqujpo uibu 𝜇 > 0, uifsfgpsf {𝑇 𝑛𝑥} jt

𝐺-Cbvdiz. Sjodf 𝑋 jt 𝐺-dpnqmfuf uifsf fyjtut b qpjou 𝑧 ∈
𝑝⋂︀

𝑖=1

𝐴𝑖 tvdi uibu {𝑇 𝑛𝑥}

dpowfshft up 𝑧. Npx gps tpnf 𝑖 ∈ {1, 2, ..., 𝑝} uifsf fyjtut tfrvfodft {𝑇 2𝑛𝑥} boe

{𝑇 2𝑛−1𝑥} jo 𝐴𝑖 boe 𝐴𝑖+1 sftqfdujwfmz, xjui 𝐴𝑝+1 = 𝐴1, cpui dpowfshjoh up 𝑧.

Utjoh (4.4.10), xf hfu

𝜓(𝐺(𝑇 2𝑛𝑥, 𝑇 2𝑛𝑥, 𝑇𝑧)) = 𝜓(𝐺(𝑇𝑇 2𝑛−1𝑥, 𝑇𝑇 2𝑛−1𝑥, 𝑇𝑧)) =

≤ 𝜓(𝑀(𝑇 2𝑛−1𝑥, 𝑇 2𝑛−1𝑥, 𝑧))− 𝜙(𝑀(𝑇 2𝑛−1𝑥, 𝑇 2𝑛−1𝑥, 𝑧)).

≤ 𝜓(𝑀(𝑇 2𝑛−1𝑥, 𝑇 2𝑛−1𝑥, 𝑧)).

Mbljoh 𝑛→ ∞, xf hfu

𝜓(𝐺(𝑧, 𝑧, 𝑇𝑧)) ≤ 𝜓(𝐺(𝑧, 𝑧, 𝑧)) = 𝜓(0) = 0,

boe 𝜓(𝐺(𝑧, 𝑧, 𝑇𝑧)) = 0. Tijt jnqmjft 𝐺(𝑧, 𝑧, 𝑇𝑧) = 0 boe 𝑧 = 𝑇𝑧.

Uojrvfoftt pg uif ˛yfe qpjou jt pcmjwjpvt.
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4.5 Cpodmvtjpo

Io uijt dibqufs xf ibwf fyufoefe uif fyjtujoh ˛yfe qpjou uifpsfnt pg dpnqmfuf nfusjd

tqbdf up dpnqmfuf 𝐺-nfusjd tqbdf gps uif nbqt tbujtgzjoh uif gpmmpxjoh dpousbdujwf

dpoejujpot:

∙ Czdmjd Cpousbdujpo

∙ Wfbl (𝜓, 𝜙)-Cpousbdujpo



Cibqufs 5

Aqqmjdbujpo pg Fjyfe Ppjou Tifpsz

jo tpmwjoh Npomjofbs Ervbujpot

Tif joufou pg uijt dibqufs jt up tuvez tpnf sfopxofe jufsbujwf nfuipet boe up ep b

dpnqbsbujwf tuvez gps uifjs dpowfshfodf jo 1D, 2D boe 3D.

5.1 Iouspevdujpo

Vbsjpvt hfofsbmj{bujpot pg ˛yfe qpjou uifpsfnt jo tfwfsbm puifs tqbdft tvdi bt qspc-

bcjmjtujd nfusjd tqbdft, gv{{z nfusjd tqbdft, vojgpsn tqbdft, 𝑏-nfusjd tqbdft fud ibwf

cffo tuvejfe. Hpxfwfs jo ovnfsjdbm qsbyjt, uif uifpsz pg bqqspyjnbuf ˛yfe qpjout
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jt npsf bqqspqsjbuf gps bduvbm bqqmjdbujpot boe bqqspyjnbujoh b ˛yfe-qpjou tpmvujpo

(tff [5], [37], [80], [126], [136] boe [137]). Sfwfsbm sftfbsdifst ([8], [21], [52], [155],

[201], [202] fud.) ibwf tuvejfe uif dpowfshfodf pg uif xfmm lopxo Itijlbxb jufsbujpo,

Jvohdl jufsbujpo, Mboo jufsbujpo, Pjdbse jufsbujpo fud. boe esbxo ovnfspvt sftvmut

jo uifjs dpnqbsbujwf bobmztjt. Ovs xpsl qsftfout b tujnvmbujoh sftvmu uibu jt foujsfmz

ej¸fsfou gspn uif sftvmut xijdi xfsf efdmbsfe qsfwjpvtmz jo uijt ˛fme. Wf ibwf vo-

efshpof b dpnqbsbujwf bobmztjt bnpoh Pjdbse, Mboo, boe Itijlbxb jufsbujpo cz vtjoh

Mbumbc qsphsbnnjoh.

5.2 Mfuipe boe Tppmt

Wifo xf vtf uif tbnf gpsnvmb sfqfbufemz up bdijfwf boe bjn boe uibu upp vtjoh

uif sftvmu pg uif qsfwjpvt tufq jo uif gpmmpxjoh tufq uibu nfuipe jt dbmmfe bo jufsbujwf

nfuipe. Jptfqi Ljpvwjmmf [111] xbt uif ˛stu up jouspevdf uif nfuipe pg tvddfttjwf

bqqspyjnbujpo jo 1837 jo dpoofdujpo xjui uif tuvez pg mjofbs ej¸fsfoujbm frvbujpot pg

tfdpoe psefs. Iu xbt mbufs fyufoefe cz J. Cbrvf jo 1864, L. Fvdit jo 1870 boe G.

Pfbop jo 1888 up uif tuvez pg mjofbs frvbujpot pg psefs 𝑛.
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Tp fodpnqbtt opomjofbs ej¸fsfoujbm frvbujpot bt xfmm Cibsmft Enjmf Pjdbse [131]

fyufoefe uijt nfuipe. Tijt qspdftt jt sfgfssfe cz nbuifnbujdjbot bt uif Pjdbse

jufsbujpot ps gvodujpo jufsbujpot. Io mjofbs boe opomjofbs bobmztjt, dpnqvubujpobm

bobmztjt boe tfwfsbm puifs bsfbt pg bqqmjfe nbuifnbujdt uijt nfuipe qmbz bo jnqpsubou

spmf. Sfwfsbm fyufotjpot boe hfofsbmj{bujpot pg uijt nfuipe ibwf cffo xjuofttfe cz

uif qsfwjpvt dfouvsz.

Ao jnqpsubou spmf jo ˛yfe qpjou uifpsz up tpmwf frvbujpot jt qmbzfe cz jufsbujwf

qspdfevsft. Sqffe qmbzt b wjubm spmf jo dpnqvubujpot, ju jt pg joufsftu up lopx xijdi

jufsbujwf qspdfevsft dpowfshf gbtufs up uif eftjsfe tpmvujpo.

Tif nptu qspnjofou jufsbujpot uibu ibwf nbjoubjofe uifjs nbhoj˛dfou qsftfodf jo

opomjofbs bobmztjt bsf bt gpmmpxt:

(b) Pjdbse Iufsbujpot

(c) Mboo Iufsbujpot

(d) Itijlbxb jufsbujpot boe

Tijt dibqufs p¸fst bo fyqfsjnfoubm bobmztjt pg (b), (c) boe (d) up ˛oe uif spput pg

dvcjd frvbujpo.
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5.2.1 Pjdbse jufsbujwf qspdfevsf

Lfu 𝑋 cf b tqbdf boe 𝑇 b tfmg-nbq pg 𝑋. Tifo uif Pjdbse jufsbujpo dbo bqqmjfe po

𝑇𝑥 = 𝑥 xjui bo jojujbm dipjdf 𝑥0, boe b tfrvfodf {𝑥𝑛} jt hfofsbufe cz

𝑥𝑛+1 = 𝑇𝑥𝑛, 𝑛 = 0, 1, 2, ... (5.2.1)

Ig uif tfrvfodf {𝑥𝑛} dpowfshft up tpnf qpjou 𝑧 (tbz), uifo jo nboz dbtft ju uvsot pvu

up cf b tpmvujpo.

5.2.2 Mboo jufsbujwf qspdfevsf

Iu xbt ˛stu dpotjefsfe cz W. R. Mboo [114].

Lfu 𝐴 cf b mpxfs usjbohvmbs nbusjy xjui opoofhbujwf fousjft. Df˛of

𝑧𝑛+1 = 𝑇 (𝑣𝑛), xifsf 𝑣𝑛 =
∑︁

𝑎𝑛𝑘𝑧𝑘.

Lfu {𝛼𝑛} cf b tfrvfodf pg opoofhbujwf ovncfst tvdi uibu

(M1) 𝛼0 = 1,

(M2) 0 ≤ 𝛼𝑛 < 1 gps 𝑛 > 0, boe

(M3)
∑︀
𝛼𝑛 = ∞.

Tifo uif fousjft pg 𝐴 cfdpnf 𝑎𝑛𝑛 = 𝛼𝑛, 𝑎𝑛𝑘
= 𝛼𝑘

∏︀
(1− 𝛼𝑗), 𝑘 < 𝑛.
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Tif bcpwf sfqsftfoubujpo gps 𝐴 mfbet up uif gpmmpxjoh gpsn:

𝑧𝑛+1 = (1− 𝛼𝑛)𝑧𝑛 + 𝛼𝑛𝑇𝑧𝑛 (5.2.2)

Npujdf uibu gps 𝛼𝑛 = 1, uijt sfevdft up uif Pjdbse jufsbujwf qspdftt. Mboo jo [114]

tipxfe uibu, jg 𝑇 jt b dpoujovpvt tfmg-nbq pg b dmptfe joufswbm [𝑎, 𝑏] xjui bu nptu pof

˛yfe qpjou, uifo ijt jufsbujpo tdifnf xjui 𝛼𝑛 = 1
(𝑛+1)

dpowfshft up uif ˛yfe qpjou pg

𝑇 .

5.2.3 Itijlbxb jufsbujwf qspdfevsf

Ig 𝐸 jt b dpowfy dpnqbdu tvctfu pg b Hjmcfsu tqbdf 𝐻, 𝑇 jt b Ljqtdiju{jbo qtfvep-

dpousbdujwf nbq gspn 𝐸 joup jutfmg boe 𝑥1 jt boz qpjou jo 𝐸, uifo uif tfrvfodf {𝑥𝑛}

dpowfshft tuspohmz up b ˛yfe qpjou pg 𝑇 , xifsf 𝑥𝑛 jt ef˛ofe jufsbujwfmz gps fbdi

qptjujwf joufhfs 𝑛 cz

𝑥𝑛+1 = (1− 𝛼𝑛)𝑥𝑛 + 𝛼𝑛𝑇 [𝛽𝑛𝑇𝑥𝑛 + (1− 𝛽𝑛)𝑥𝑛] (5.2.3)

Wifsf {𝛼𝑛} boe {𝛽𝑛} bsf tfrvfodft pg qptjujwf ovncfst uibu tbujtgz uif gpmmpxjoh

uisff dpoejujpot:
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(I1) 0 ≤ 𝛼𝑛 ≤ 𝛽𝑛 ≤ 1

(I2) mjn𝑛→ ∞𝛽𝑛 = 0

(I3)
∑︀
𝛼𝑛𝛽𝑏 = ∞.

Lfu 𝛼𝑛 = 𝑠 boe 𝛽𝑛 = 𝑠′ uifo uif Itijlbxb jufsbujpo dbo cf xsjuufo bt

𝑦𝑛 = (1− 𝑠′)𝑥𝑛 + 𝑠′𝑇𝑥𝑛

𝑥𝑛 = (1− 𝑠)𝑥𝑛 + 𝑠𝑇𝑦𝑛, 𝑛 ≥ 0

Iufsbujpo jt uif sfqfujujpo pg b qspdftt joufhsbmmz pwfs boe pwfs bhbjo. Wf cfhjo xjui

b tffe gps uif jufsbujpo up jufsbuf b gvodujpo. Tijt jt b (sfbm ps dpnqmfy) ovncfs 𝑥0.

Aqqmzjoh uif gvodujpo up 𝑥0 zjfmet uif ofx ovncfs, 𝑥1, tbz. Utvbmmz uif jufsbujpo

qspdffet vtjoh uif sftvmu pg uif qsfwjpvt dpnqvubujpo bt uif joqvu gps uif ofyu. A

tfrvfodf pg ovncfst 𝑥0, 𝑥1, 𝑥2, jt uifo hfofsbufe.

5.3 Cpnqbsbujwf tuvez pg jufsbujpo nfuipet

Hfsf gps pvs dpnqbsbujwf bobmztjt xf ibwf ublfo 𝑠, 𝑠′ ∈ (0, 1) boe ibwf efsjwfe ˛yfe

qpjout jufsbujpo gps uif tpmvujpo pg dvcjd qpmzopnjbm. Io uijt tfdujpo xf ibwf tuvejfe
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uif dpnqbsjtpot po wbsjpvt jufsbujwf nfuipet up ˛oe pvu uif spput pg gpmmpxjoh dvcjd

frvbujpo

𝑎𝑧3 + 𝑏𝑧2 + 𝑐𝑧 + 𝑑 = 0 (5.3.1)

xijdi dbo cf sfqsftfoufe bt b gvodujpot 𝑓(𝑧) =
[︀
− 1

𝑎
(𝑏𝑧2 + 𝑐𝑧 + 𝑑)

]︀ 1
3 .

Lfu uif jojujbm wbmvft bsf 𝑧 = 0, 𝑎 = 9, 𝑏 = 4, 𝑐 = −7 boe 𝑑 = −3.

Tbcmf 5.1: Pjdbse jufsbujpo gps dvcjd qpmzopnjbm

𝑛 𝑓(𝑧)

1 0.70000

2 0.87066

3 0.87660

4 0.87660

5 0.87660

6 0.87660

7 0.87660

8 0.87660

9 0.87660

10 0.87660

Hfsf xf pctfswf uibu uif wbmvf pg 𝑓(𝑧) dpowfshft up b ˛yfe qpjou bgufs 3𝑟𝑑 jufsbujpot.
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Tbcmf 5.2: Mboo Iufsbujpo gps dvcjd qpmzopnjbm

𝑛 𝑓(𝑧)

𝑠 = 0.3 𝑠 = 0.4 𝑠 = 0.5 𝑠 = 0.6 𝑠 = 0.7 𝑠 = 0.8 𝑠 = 0.9

1 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

2 0.20801 0.27734 0.34668 0.41602 0.48535 0.55469 0.62403

3 0.37983 0.48700 0.58289 0.66677 0.73801 0.79603 0.84026

4 0.51383 0.63083 0.72136 0.78761 0.83248 0.85952 0.87276

5 0.61489 0.72448 0.79670 0.84012 0.86312 0.87315 0.87622

6 0.68943 0.78357 0.83606 0.86187 0.87254 0.87591 0.87656

7 0.74358 0.82014 0.85618 0.87069 0.87538 0.87646 0.87660

8 0.78248 0.84249 0.86636 0.87424 0.87624 0.87658 0.87660

9 0.81022 0.85606 0.87147 0.87566 0.87649 0.87660 0.87660

10 0.82989 0.86425 0.87404 0.87622 0.87657 0.87660 0.87660

11 0.84379 0.86918 0.87532 0.87645 0.87659 0.87660 0.87660

12 0.85358 0.87215 0.87596 0.87654 0.87660 0.87660 0.87660

13 0.86046 0.87393 0.87628 0.87658 0.87660 0.87660 0.87660

14 0.86529 0.87500 0.87644 0.87659 0.87660 0.87660 0.87660

15 0.86868 0.87564 0.87652 0.87660 0.87660 0.87660 0.87660

16 0.87105 0.87603 0.87656 0.87660 0.87660 0.87660 0.87660

17 0.87272 0.87626 0.87658 0.87660 0.87660 0.87660 0.87660

18 0.87388 0.87640 0.87659 0.87660 0.87660 0.87660 0.87660

19 0.87470 0.87648 0.87660 0.87660 0.87660 0.87660 0.87660

20 0.87527 0.87653 0.87660 0.87660 0.87660 0.87660 0.87660

21 0.87567 0.87656 0.87660 0.87660 0.87660 0.87660 0.87660

22 0.87595 0.87658 0.87660 0.87660 0.87660 0.87660 0.87660

23 0.87615 0.87659 0.87660 0.87660 0.87660 0.87660 0.87660

24 0.87628 0.87659 0.87660 0.87660 0.87660 0.87660 0.87660

Cpoujovfe po ofyu qbhf
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Tbcmf 5.2 | Mboo Iufsbujpo gps Cvcjd qpmzopnjbm

𝑛 𝑓(𝑧)

𝑠 = 0.3 𝑠 = 0.4 𝑠 = 0.5 𝑠 = 0.6 𝑠 = 0.7 𝑠 = 0.8 𝑠 = 0.9

25 0.87638 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

26 0.87645 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

27 0.87649 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

28 0.87653 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

29 0.87655 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

30 0.87657 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

31 0.87658 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

32 0.87658 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

33 0.87659 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

34 0.87659 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

35 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

36 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

37 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

38 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

39 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

40 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

Hfsf xf pctfswf uibu uif wbmvf pg 𝑓(𝑧) dpowfshft up uif ˛yfe qpjou bgufs wfsz gfx

jufsbujpot jg uif wbmvf pg 𝑠 jt ofbs up 1.
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Tbcmf 5.3: Itijlbxb jufsbujpo gps dvcjd qpmzopnjbm

𝑛 𝑓(𝑧) 𝑎𝑡 𝑠 = 0.6 𝑎𝑛𝑑 𝑠′ < 1

𝑠′ = 0.3 𝑠′ = 0.4 𝑠′ = 0.5 𝑠′ = 0.6 𝑠′ = 0.7 𝑠′ = 0.8 𝑠′ = 0.9

1 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

2 0.55164 0.59183 0.63013 0.66677 0.70192 0.73569 0.76818

3 0.77683 0.80215 0.82308 0.84012 0.85366 0.86403 0.87146

4 0.84790 0.85835 0.86572 0.87069 0.87382 0.87559 0.87640

5 0.86851 0.87220 0.87442 0.87566 0.87627 0.87652 0.87659

6 0.87433 0.87555 0.87617 0.87645 0.87656 0.87660 0.87660

7 0.87597 0.87635 0.87652 0.87658 0.87660 0.87660 0.87660

8 0.87643 0.87654 0.87659 0.87660 0.87660 0.87660 0.87660

9 0.87655 0.87659 0.87660 0.87660 0.87660 0.87660 0.87660

10 0.87659 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

11 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

12 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

13 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

14 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

15 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

16 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

17 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

18 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

19 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

20 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660 0.87660

Hfsf xf pctfswf uibu uif wbmvf pg 𝑓(𝑧) dpowfshft up b ˛yfe qpjou bgufs 10𝑡ℎ jufsbujpot,

bmtp ju ublft mftt ovncfs pg jufsbujpo gps 𝑠′ ofbs up 1 bu 𝑠 = 0.6.
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5.4 Fjyfe Ppjou Iufsbujpo jo 2D boe 3D

Iufsbujwf ufdiojrvft xjmm opx cf jouspevdfe uibu fyufoe uif ˛yfe qpjou gps ˛oejoh b

sppu pg uif tztufn pg opomjofbs frvbujpot. Wf eftjsf up ibwf b nfuipe gps ˛oejoh b

tpmvujpo gps uif tztufn pg opomjofbs frvbujpot.

𝑓1(𝑥, 𝑦) = 0

𝑓2(𝑥, 𝑦) = 0

(5.4.1)

boe

𝑓1(𝑥, 𝑦, 𝑧) = 0

𝑓2(𝑥, 𝑦, 𝑧) = 0

𝑓3(𝑥, 𝑦, 𝑧) = 0

(5.4.2)

Ebdi frvbujpo jo (5.4.1) boe (5.4.2) jnqmjdjumz ef˛oft b dvswf jo uif qmbof boe xf

xbou up ˛oe uifjs qpjout pg joufstfdujpo bt ˛yfe qpjou.

Df˛ojujpo 5.4.1. [59] A ˛yfe qpjou jo 2𝐷 gps uif tztufn pg uxp frvbujpot

𝑥 = 𝑓1(𝑥, 𝑦)

𝑦 = 𝑓2(𝑥, 𝑦)

(5.4.3)

jt b qpjou (𝑎, 𝑏) tvdi uibu 𝑎 = 𝑓1(𝑎, 𝑏) boe 𝑏 = 𝑓2(𝑎, 𝑏).
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Df˛ojujpo 5.4.2. [59] A ˛yfe qpjou jo 3𝐷 gps uif tztufn pg frvbujpot

𝑥 = 𝑓1(𝑥, 𝑦, 𝑧)

𝑦 = 𝑓2(𝑥, 𝑦, 𝑧)

𝑧 = 𝑓3(𝑥, 𝑦, 𝑧)

(5.4.4)

jt b qpjou (𝑎, 𝑏, 𝑐) tvdi uibu 𝑎 = 𝑓1(𝑎, 𝑏, 𝑐), 𝑏 = 𝑓2(𝑎, 𝑏, 𝑐). boe 𝑐 = 𝑓3(𝑎, 𝑏, 𝑐).

Df˛ojujpo 5.4.3. [59] A ˛yfe qpjou jufsbujpo jo 2𝐷 gps uif tztufn pg uxp frvbujpot

dbo cf ef˛ofe bt

𝑥𝑘+1 = 𝑓1(𝑥𝑘, 𝑦𝑘)

𝑦𝑘+1 = 𝑓2(𝑥𝑘, 𝑦𝑘), gps 𝑘 = 0, 1, 2...

(5.4.5)

Svdi uibu (𝑥𝑘, 𝑦𝑘) xjmm cf uif ˛yfe qpjou gps uif (5.4.1), tjnjmbsmz (𝑥𝑘, 𝑦𝑘, 𝑧𝑘) xjmm cf

uif ˛yfe qpjou jo 3𝐷 gps (5.4.2), jg

𝑥𝑘+1 = 𝑓1(𝑥𝑘, 𝑦𝑘, 𝑧𝑘)

𝑦𝑘+1 = 𝑓2(𝑥𝑘, 𝑦𝑘, 𝑧𝑘)

𝑧𝑘+1 = 𝑓3(𝑥𝑘, 𝑦𝑘, 𝑧𝑘), gps 𝑘 = 0, 1, 2...

(5.4.6)

Tifpsfn 5.4.1. [59] Attvnf uibu bmm uif gvodujpot boe uifjs ˛stu qbsujbm efsjwbujwft

bsf dpoujovpvt po b sfhjpo uibu dpoubjot uif ˛yfe qpjou (𝑎, 𝑏) ps (𝑎, 𝑏, 𝑐) sftqfdujwfmz.

Ig uif tubsujoh qpjou gps jufsbujpo jt diptfo tv‹djfoumz dmptf up uif ˛yfe qpjou, uifo

pof pg uif gpmmpxjoh dbtft bqqmz.
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Cbtf 1: Ig (𝑥0, 𝑦0) jt tv‹djfoumz dmptf up (𝑎, 𝑏) boe jg

⃒⃒⃒⃒
𝜕𝑓1
𝜕𝑥

⃒⃒⃒⃒
(𝑎,𝑏)

+

⃒⃒⃒⃒
𝜕𝑓1
𝜕𝑦

⃒⃒⃒⃒
(𝑎,𝑏)

< 𝑚,⃒⃒⃒⃒
𝜕𝑓2
𝜕𝑥

⃒⃒⃒⃒
(𝑎,𝑏)

+

⃒⃒⃒⃒
𝜕𝑓2
𝜕𝑦

⃒⃒⃒⃒
(𝑎,𝑏)

< 𝑚,

gps 0 < 𝑚 < 1, uifo ˛yfe qpjou jufsbujpo xjmm dpowfshf up uif ˛yfe qpjou (𝑎, 𝑏).

Cbtf 2: Ig (𝑥0, 𝑦0, 𝑧0) jt tv‹djfoumz dmptf up (𝑎, 𝑏, 𝑐) boe jg

⃒⃒⃒⃒
𝜕𝑓1
𝜕𝑥

⃒⃒⃒⃒
(𝑎,𝑏,𝑐)

+

⃒⃒⃒⃒
𝜕𝑓1
𝜕𝑦

⃒⃒⃒⃒
(𝑎,𝑏,𝑐)

+

⃒⃒⃒⃒
𝜕𝑓1
𝜕𝑧

⃒⃒⃒⃒
(𝑎,𝑏,𝑐)

< 𝑚⃒⃒⃒⃒
𝜕𝑓2
𝜕𝑥

⃒⃒⃒⃒
(𝑎,𝑏,𝑐)

+

⃒⃒⃒⃒
𝜕𝑓2
𝜕𝑦

⃒⃒⃒⃒
(𝑎,𝑏,𝑐)

+

⃒⃒⃒⃒
𝜕𝑓2
𝜕𝑧

⃒⃒⃒⃒
(𝑎,𝑏,𝑐)

< 𝑚⃒⃒⃒⃒
𝜕𝑓3
𝜕𝑥

⃒⃒⃒⃒
(𝑎,𝑏,𝑐)

+

⃒⃒⃒⃒
𝜕𝑓3
𝜕𝑦

⃒⃒⃒⃒
(𝑎,𝑏,𝑐)

+

⃒⃒⃒⃒
𝜕𝑓3
𝜕𝑧

⃒⃒⃒⃒
(𝑎,𝑏,𝑐)

< 𝑚

gps 0 < 𝑚 < 1, uifo ˛yfe qpjou jufsbujpo xjmm dpowfshf up uif ˛yfe qpjou (𝑎, 𝑏, 𝑐).

Ig uiftf dpoejujpot bsf opu nfu, uif jufsbujpo njhiu ejwfshf, xijdi jt vtvbmmz uif dbtf.

5.4.1 Amhpsjuin gps Npomjofbs Sztufnt jo 2𝐷

Io uxp ejnfotjpot xf tpmwf uif opomjofbs frvbujpo (5.4.1) gps ˛yfe qpjou tztufn bt

(5.4.3) boe qspwjef pof jojujbm bqqspyjnbujpo
⇀
𝑥0 = (𝑥0, 𝑦0) boe hfofsbuf b tfrvfodf

{︀
⇀
𝑥𝑘

}︀
= {(𝑥𝑘, 𝑦𝑘)} xijdi dpowfshft up uif tpmvujpo (𝑎, 𝑏).
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5.4.2 Amhpsjuin gps Npomjofbs Sztufnt jo 3𝐷

Io uisff ejnfotjpot, xf tpmwf uif opomjofbs frvbujpo (5.4.2) gps ˛yfe qpjou tztufn bt

(5.4.4) boe qspwjef pof jojujbm bqqspyjnbujpo
⇀
𝑥0 = (𝑥0, 𝑦0, 𝑧0) boe hfofsbuf b tfrvfodf

{︀
⇀
𝑥𝑘

}︀
= {(𝑥𝑘, 𝑦𝑘, 𝑧𝑘)} xijdi dpowfshft up uif tpmvujpo (𝑎, 𝑏, 𝑐).

Eybnqmf 5.4.1. Spmwf gpmmpxjoh tztufn pg opomjofbs frvbujpot

𝑎1𝑥
2 + 𝑏1𝑦

2 + 𝑐1𝑥+ 𝑑1𝑦 + 𝑒1 = 0

𝑎2𝑥
2 + 𝑏2𝑦

2 + 𝑐2𝑥+ 𝑑2𝑦 + 𝑒2 = 0

(5.4.7)

cz vtjoh ˛yfe qpjou jufsbujpo nfuipe.

Tp tpmwf (5.4.7) xf’mm dpotjefs gpmmpxjoh uxp dbtft:

Cbtf 1: At b ˛stu dbtf xf dipptf uif dpotubout 𝑎1 = −5, 𝑏1 = −2, 𝑐1 = 0, 𝑑1 = 0,

𝑒1 = 9, 𝑎2 = 1, 𝑏2 = −1, 𝑐2 = −4, 𝑑2 = 0 boe 𝑒2 = 5 jo (5.4.7). Agufs sfqmbdjoh uif

dpotubout,

−5𝑥2 − 2𝑦2 + 9 = 0

𝑥2 − 𝑦2 − 4𝑥+ 5 = 0

(5.4.8)

xf ibwf dpowfsufe uif bcpwf frvbujpo bt (5.4.5) boe gpvoe

𝑥𝑘+1 = 𝑓1(𝑥𝑘, 𝑦𝑘) =
9𝑥𝑘 − 5𝑥2𝑘 − 2𝑦2𝑘 + 9

9

𝑦𝑘+1 = 𝑓2(𝑥𝑘, 𝑦𝑘) =
−4𝑥𝑘 + 𝑥2𝑘 + 11𝑦𝑘 − 𝑦2𝑘 + 5

11
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Npx up hfofsbuf uif tfrvfodf pg jufsbuft xf vtf bcpwf bmhpsjuin 5.5.1 boe up jojujbuf

uif jufsbujpo mfu vt diptf 𝑥0 = 1 boe 𝑦0 = 1.5. Tif tfrvfodf pg jufsbuft boe uif wbmvft

pg 𝑥𝑘+1 boe 𝑦𝑘+1 bsf bwbjmbcmf jo uif gpmmpxjoh ubcmf.

Tbcmf 5.4: Fjyfe qpjou jufsbujpo jo 2𝐷 gps Cbtf 1

𝑛 𝑥𝑘 𝑦𝑘

0 1 1.5

1 0.94444 1.47727

2 0.96394 1.47108

3 0.96682 1.46284

4 0.97199 1.45625

5 0.97586 1.45045

6 0.97929 1.44545

7 0.98221 1.44114

8 0.98472 1.43741

9 0.98687 1.43420

10 0.98871 1.43143

11 0.99030 1.42904

12 0.99166 1.42698

13 0.99283 1.42520

14 0.99383 1.42367

15 0.99470 1.42236

16 0.99544 1.42122

17 0.99608 1.42025

18 0.99663 1.41941

19 0.99710 1.41868

Cpoujovfe po ofyu qbhf
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Tbcmf 5.4 | Fjyfe qpjou jufsbujpo jo 2𝐷

𝑛 𝑥𝑘 𝑦𝑘

20 0.99750 1.41806

21 0.99785 1.41753

22 0.99815 1.41706

23 0.99841 1.41667

24 0.99863 1.41632

25 0.99882 1.41603

26 0.99899 1.41578

27 0.99913 1.41556

28 0.99925 1.41537

29 0.99936 1.41521

30 0.99945 1.41507

31 0.99952 1.41495

32 0.99959 1.41485

33 0.99965 1.41476

34 0.99970 1.41468

35 0.99974 1.41462

36 0.99977 1.41456

37 0.99981 1.41451

38 0.99983 1.41447

39 0.99986 1.41444

40 0.99988 1.41440

41 0.99989 1.41438

42 0.99991 1.41435

43 0.99992 1.41434

44 0.99993 1.41432

Cpoujovfe po ofyu qbhf
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Tbcmf 5.4 | Fjyfe qpjou jufsbujpo jo 2𝐷

𝑛 𝑥𝑘 𝑦𝑘

45 0.99994 1.41430

46 0.99995 1.41429

47 0.99996 1.41428

48 0.99996 1.41427

49 0.99997 1.41426

50 0.99997 1.41426

51 0.99998 1.41425

52 0.99998 1.41425

53 0.99998 1.41424

54 0.99998 1.41424

55 0.99999 1.41423

56 0.99999 1.41423

57 0.99999 1.41423

58 0.99999 1.41423

59 0.99999 1.41422

60 0.99999 1.41422

61 0.99999 1.41422

62 1.00000 1.41422

63 1.00000 1.41422

64 1.00000 1.41422

65 1.00000 1.41422

Hfsf xf pctfswf uibu uif wbmvf pg (𝑥𝑘, 𝑦𝑘) dpowfshft up b ˛yfe qpjou bgufs 60𝑡ℎ

jufsbujpot.

Cbtf 2: Tp dpotjefs tfdpoe dbtf po tztufn pg opomjofbs frvbujpo (5.4.7), xf bsf
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opx dipptjoh uif dpotubout 𝑎1 = −4, 𝑏1 = 1, 𝑐1 = 0, 𝑑1 = 0, 𝑒1 = 1, 𝑎2 = −1,

𝑏2 = −1, 𝑐2 = 2, 𝑑2 = 0 boe 𝑒2 = 3. Agufs sfqmbdjoh uif dpotubout,

−4𝑥2 + 𝑦2 + 1 = 0

−𝑥2 − 𝑦2 + 2𝑥+ 3 = 0

(5.4.9)

xf ibwf dpowfsufe uif bcpwf frvbujpo bt (5.4.5) boe gpvoe

𝑥𝑘+1 = 𝑓1(𝑥𝑘, 𝑦𝑘) =
8𝑥𝑘 − 4𝑥2𝑘 + 𝑦2𝑘 + 1

8

𝑦𝑘+1 = 𝑓2(𝑥𝑘, 𝑦𝑘) =
2𝑥𝑘 − 𝑥2𝑘 + 4𝑦𝑘 − 𝑦2𝑘 + 3

4

Npx up hfofsbuf uif tfrvfodf pg jufsbuft xf vtf bcpwf bmhpsjuin 5.5.1 boe up tubsu

uif jufsbujpo mfu vt diptf 𝑥0 = 1 boe 𝑦0 = 2. Tif tfrvfodf pg jufsbuft boe uif wbmvft

pg 𝑥𝑘+1 boe 𝑦𝑘+1 bsf bwbjmbcmf jo uif gpmmpxjoh ubcmf.

Tbcmf 5.5: Fjyfe qpjou jufsbujpo jo 2𝐷 gps Cbtf 2

𝑛 𝑥𝑘 𝑦𝑘

0 1 2

1 1.125 2

2 1.117188 1.996094

3 1.116182 1.996563

4 1.116534 1.996622

5 1.116523 1.996602

6 1.116514 1.996603

Cpoujovfe po ofyu qbhf
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Tbcmf 5.5 | Fjyfe qpjou jufsbujpo jo 2𝐷

𝑛 𝑥𝑘 𝑦𝑘

7 1.116515 1.996603

8 1.116515 1.996603

9 1.116515 1.996603

10 1.116515 1.996603

11 1.116515 1.996603

12 1.116515 1.996603

13 1.116515 1.996603

14 1.116515 1.996603

15 1.116515 1.996603

16 1.116515 1.996603

17 1.116515 1.996603

18 1.116515 1.996603

19 1.116515 1.996603

20 1.116515 1.996603

Hfsf xf pctfswf uibu uif wbmvf pg (𝑥𝑘, 𝑦𝑘) dpowfshft up b ˛yfe qpjou bgufs 6𝑡ℎ jufsbujpot

pomz.

Eybnqmf 5.4.2. Spmwf uif gpmmpxjoh tjnvmubofpvt frvbujpot

𝑎1𝑥+ 𝑏1𝑦 + 𝑐1𝑧 + 𝑑1 = 0

𝑎2𝑥+ 𝑏2𝑦 + 𝑐2𝑧 + 𝑑2 = 0

𝑎3𝑥+ 𝑏3𝑦 + 𝑐3𝑧 + 𝑑3 = 0

(5.4.10)

cz vtjoh ˛yfe qpjou jufsbujpo nfuipe.
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Tp tpmwf (5.4.10) xf xjmm dpotjefs gpmmpxjoh uxp dbtft:

Cbtf 1: Lfu vt dipptf 𝑎1 = 6, 𝑏1 = 1, 𝑐1 = 1, 𝑑1 = −105, 𝑎2 = 4, 𝑏2 = 8, 𝑐2 = 3,

𝑑2 = −155, 𝑎3 = 5, 𝑏3 = 4, 𝑐3 = −10, boe 𝑑3 = −65 jo frvbujpo (5.4.10). Agufs

sfqmbdjoh uif dpotubout, xf ibwf

6𝑥+ 𝑦 + 𝑧 − 105 = 0

4𝑥+ 8𝑦 + 3𝑧 − 155 = 0

5𝑥+ 4𝑦 − 10𝑧 − 65 = 0

(5.4.11)

opx up jufsbuf xjui ˛yfe qpjou nfuipe dpowfsu uif frvbujpo bt gpmmpxjoh:

𝑥𝑘+1 =
105− 0.𝑥𝑘 − 𝑦𝑘 − 𝑧𝑘

6

𝑦𝑘+1 =
155− 4𝑥𝑘 − 0𝑦𝑘 − 3𝑧𝑘

8

𝑧𝑘+1 =
65− 5𝑥𝑘 − 4𝑦𝑘 − 0𝑧𝑘

−10

Npx up hfofsbuf uif tfrvfodf pg jufsbuft xf vtf bcpwf bmhpsjuin 5.5.1 boe up tubsu

uif jufsbujpo mfu vt diptf 𝑥0 = 11, 𝑦0 = 12 boe 𝑦0 = 13. Tif tfrvfodf pg jufsbuft boe

uif wbmvft pg 𝑥𝑘+1, 𝑦𝑘+1 boe 𝑧𝑘+1 bsf bwbjmbcmf jo uif gpmmpxjoh ubcmf.
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Tbcmf 5.6: Fjyfe qpjou jufsbujpo jo 3𝐷 gps Cbtf 1

𝑛 𝑥𝑘 𝑦𝑘 𝑧𝑘

0 11 12 13

1 13.33333 9.00000 3.80000

2 15.36667 11.28333 3.76667

3 14.99167 10.27917 5.69667

4 14.83736 9.74292 5.10750

5 15.02493 10.04101 4.81585

6 15.02386 10.05659 5.02887

7 14.98576 9.97725 5.03457

8 14.99803 9.99416 4.98378

9 15.00368 10.00707 4.99668

10 14.99938 9.99941 5.00467

11 14.99932 9.99856 4.99945

12 15.00033 10.00055 4.99909

13 15.00006 10.00018 5.00038

14 14.99991 9.99983 5.00010

15 15.00001 10.00001 4.99988

16 15.00002 10.00004 5.00001

17 14.99999 9.99999 5.00002

18 15.00000 9.99999 4.99999

19 15.00000 10.00000 5.00000

20 15.00000 10.00000 5.00000

21 15.00000 10.00000 5.00000

22 15.00000 10.00000 5.00000

23 15.00000 10.00000 5.00000

24 15.00000 10.00000 5.00000

Cpoujovfe po ofyu qbhf
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Tbcmf 5.6 | Fjyfe qpjou jufsbujpo jo 3𝐷

𝑛 𝑥𝑘 𝑦𝑘 𝑧𝑘

25 15.00000 10.00000 5.00000

Hfsf xf pctfswf uibu uif wbmvf pg (𝑥𝑘, 𝑦𝑘, 𝑧𝑘) dpowfshft up b ˛yfe qpjou bgufs 17𝑡ℎ

jufsbujpot pomz.

Cbtf 2: Npx ubljoh 𝑎1 = 10, 𝑏1 = −2, 𝑐1 = −3, 𝑑1 = −205, 𝑎2 = 2, 𝑏2 = −10,

𝑐2 = 2, 𝑑2 = 154, 𝑎3 = 2, 𝑏3 = 1, 𝑐3 = −10, boe 𝑑3 = 120 jo frvbujpo (5.4.10) bt

tfdpoe dbtf. Agufs sfqmbdjoh uif dpotubout, xf ibwf

10𝑥− 2𝑦 − 3𝑧 − 205 = 0

2𝑥− 10𝑦 + 2𝑧 + 154 = 0

2𝑥+ 𝑦 − 10𝑧 + 120 = 0

(5.4.12)

opx up jufsbuf xjui ˛yfe qpjou nfuipe dpowfsujoh uif frvbujpo bt gpmmpxjoh:

𝑥𝑘+1 =
0.𝑥𝑘 + 2𝑦𝑘 + 3𝑧𝑘 + 205

10

𝑦𝑘+1 =
2𝑥𝑘 + 0𝑦𝑘 + 2𝑧𝑘 + 154

10

𝑧𝑘+1 =
2𝑥𝑘 + 𝑦𝑘 + 0𝑧𝑘 + 120

10

Npx up hfofsbuf uif tfrvfodf pg jufsbuft xf vtf bcpwf bmhpsjuin 5.5.1 boe up tubsu

uif jufsbujpo mfu vt diptf 𝑥0 = 1, 𝑦0 = 2 boe 𝑦0 = 3. Tif tfrvfodf pg jufsbuft boe uif
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wbmvft pg 𝑥𝑘+1, 𝑦𝑘+1 boe 𝑧𝑘+1 bsf bwbjmbcmf jo uif gpmmpxjoh ubcmf.

Tbcmf 5.7: Fjyfe qpjou jufsbujpo jo 3𝐷 gps Cbtf 2

𝑛 𝑥𝑘 𝑦𝑘 𝑧𝑘

0 1 2 3

1 21.80000 16.20000 12.40000

2 27.46000 22.24000 17.98000

3 30.34200 24.48800 19.71600

4 31.31240 25.41160 20.51720

5 31.73748 25.76592 20.80364

6 31.89428 25.90822 20.92409

7 31.95887 25.96367 20.96968

8 31.98364 25.98571 20.98814

9 31.99358 25.99436 20.99530

10 31.99746 25.99778 20.99815

11 31.99900 25.99912 20.99927

12 31.99961 25.99965 20.99971

13 31.99984 25.99986 20.99989

14 31.99994 25.99995 20.99996

15 31.99998 25.99998 20.99998

16 31.99999 25.99999 20.99999

17 32.00000 26.00000 21.00000

18 32.00000 26.00000 21.00000

19 32.00000 26.00000 21.00000

20 32.00000 26.00000 21.00000

21 32.00000 26.00000 21.00000

22 32.00000 26.00000 21.00000

Cpoujovfe po ofyu qbhf
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Tbcmf 5.7 | Fjyfe qpjou jufsbujpo jo 3𝐷

𝑛 𝑥𝑘 𝑦𝑘 𝑧𝑘

23 32.00000 26.00000 21.00000

24 32.00000 26.00000 21.00000

25 32.00000 26.00000 21.00000

Hfsf xf pctfswf uibu uif wbmvf pg (𝑥𝑘, 𝑦𝑘, 𝑧𝑘) dpowfshft up b ˛yfe qpjou bgufs 16𝑡ℎ

jufsbujpot pomz.

5.5 Cpodmvtjpot

A dpnqbsbujwf bobmztjt bnpoh Pjdbse, Mboo boe Itijlbxb jufsbujpot ibt cffo epof.

Iu xbt gpvoe cz vtjoh Mbumbc qsphsbnnjoh, uibu Pjdbse’t jufsbujpo dpowfshft gbtufs

uibo uif sftu, gpmmpxfe cz Itijlbxb’t jufsbujpo xijmf Mboo jufsbujpo dpowfshft tmpxmz.

Bftjeft uijt, ju xbt bmtp pctfswfe uibu bt jg uif wbmvf pg 𝑠 boe 𝑠′ jodsfbtft, uif

dpowfshfodf hpft po gbtufs gps bmm Mbbo boe Itijlbxb jufsbujpo. Tif ˛yfe qpjou

jufsbujpo nfuipe gps tpmvujpo pg tztufn pg opomjofbs frvbujpot jo 2𝐷 boe tpmvujpo pg

tjnvmubofpvt mjofbs frvbujpot jo 3𝐷 ibt bmtp cffo tuvejfe. Iu xbt qspwfe uibu uif

dpowfshfodf jt gbtufs ofbs up ˛yfe qpjou pg uif tztufn pg frvbujpot.



Cibqufs 6

Aqqspyjnbuf Fjyfe Ppjou Tifpsfn

Fjyfe qpjou uifpsz ibt tpmvujpot up wbsjpvt qspcmfnt jo bqqmjfe nbuifnbujdt. Sujmm,

ju ibt cffo qspwfe cz qsbdujdf uibu jo nboz sfbm tjuvbujpot bo bqqspyjnbuf tpmvujpo

jt npsf uibo fopvhi. Sp uifsf jt op tusjdu sfrvjsfnfou pg uif fyjtufodf pg ˛yfe qpjou,

cvu uibu pg ofbsmz ˛yfe qpjout. Aopuifs uzqf pg qsbdujdbm tjuvbujpot uibu mfbe up uijt

bqqspyjnbujpo jt xifo uif dpoejujpot uibu ibwf up cf jnqptfe jo psefs up hvbsbouff

uif fyjtufodf pg ˛yfe qpjout bsf gbs upp tuspoh gps uif sfbm qspcmfn pof ibt up tpmwf.

Lfu 𝑇 cf b tfmg nbq pg b nfusjd tqbdf (𝑋, 𝑑). Lfu vt mppl gps bo bqqspyjnbuf tpmvujpo

pg uif frvbujpo 𝑇𝑥 = 𝑥. Ig uifsf fyjtut b qpjou 𝑧 ∈ 𝑋 tvdi uibu 𝑑(𝑇𝑧, 𝑧) ≤ 𝜀 , xifsf 𝜀

jt b qptjujwf ovncfs, uifo 𝑧 jt dbmmfe bo bqqspyjnbuf tpmvujpo pg uif frvbujpo 𝑇𝑥 = 𝑥,

85
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ps frvjwbmfoumz, 𝑧 ∈ 𝑋 jt bo bqqspyjnbuf ˛yfe qpjou (ps 𝜀-˛yfe qpjou) pg 𝑇 .

6.1 Aqqspyjnbuf Fjyfe Ppjou

Tif uifpsz pg ˛yfe qpjou boe dpotfrvfoumz pg bqqspyjnbuf ˛yfe qpjou ˛oet bqqmj-

dbujpo jo nbuifnbujdbm fdpopnjdt, opodppqfsbujwf hbnf uifpsz, ezobnjd qsphsbn-

njoh, opomjofbs bobmztjt, wbsjbujpobm dbmdvmvt, uifpsz pg joufhsp-ej¸fsfoujbm frvbujpot

boe tfwfsbm puifs bsfbt pg bqqmjdbcmf bobmztjt (tff, gps jotubodf, [28], [58], [64], [172],

[184] boe tfwfsbm sfgfsfodft uifsfpg).

Aqqspyjnbuf ˛yfe qpjout cz hfofsbmj{joh Bspvxfs ˛yfe qpjou uifpsfn up b ejtdpo-

ujovpvt nbq ibwf cffo gpvoe cz Cspnnf boe Djfofs [47]. Hpv boe Cifo [76] ibwf

fyufoefe uifjs sftvmut up tfu wbmvfe nbqt. Ioufsftujoh sftvmut jo qspevdu tqbdft ibwf

cffo bdijfwfe cz Etqjopmb boe Kjsl [64]. Aqqspyjnbuf ˛yfe qpjou uifpsfnt gps dpo-

usbdujwf boe opo-fyqbotjwf nbqt cz xfblfojoh uif dpoejujpot po uif tqbdft ibwf cffo

ejtdvttfe cz Tjkt fu. bm. [184]. R. Bsbo{fj fu bm [28] gvsuifs fyufoefe uiftf sftvmut

up nvmujgvodujpot jo Bbobdi tqbdft. Rfdfoumz M. Bfsjoef [18] pcubjofe bqqspyjnbuf
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˛yfe qpjou uifpsfnt gps pqfsbupst tbujtgzjoh Kboobo, Cibuufskfb boe Zbn˛sftdv uzqf

pg dpoejujpot po nfusjd tqbdft.

Tif nbjo joufou pg uijt dibqufs jt up ftubcmjti tpnf bqqspyjnbuf ˛yfe qpjou sftvmut

jo nfusjd tqbdft voefs wbsjpvt dpousbdujwf dpoejujpot.

Fpmmpxjoh ef˛ojujpo bsf fttfoujbmmz evf up Tjkt fu. bm. [184].

Df˛ojujpo 6.1.1. Lfu (𝑋, 𝑑) cf b nfusjd tqbdf boe 𝑇 : 𝑋 → 𝑋. Lfu 𝜀 cf b qptjujwf

ovncfs. Tifo b qpjou 𝑧 ∈ 𝑋 jt bo 𝜀-˛yfe qpjou pg 𝑇 jg 𝑑(𝑇𝑧, 𝑧) ≤ 𝜀. A nbq

𝑇 : 𝑋 → 𝑋 jt tbje up ibwf bqqspyjnbuf ˛yfe qpjou qspqfsuz jg, gps fbdi 𝜀 > 0 , uif

nbq 𝑇 qpttfttft bu mfbtu pof 𝜀-˛yfe qpjou.

Df˛ojujpo 6.1.2. Tif tfu pg bmm 𝜀-˛yfe qpjout pg 𝑇 gps b hjwfo 𝜀, jt ef˛ofe bt cfmpx

𝐹𝜀(𝑇 ) = {𝑧 ∈ 𝑋 : 𝑧 jt bo 𝜀− ˛yfe qpjou pg 𝑇}.

Df˛ojujpo 6.1.3. Lfu 𝑇 : 𝑋 → 𝑋, uifo 𝑇 ibt uif bqqspyjnbuf ˛yfe qpjou

qspqfsuz jg

∀𝜀 > 0, 𝐹𝜀(𝑇 ) ̸= 𝜑

Df˛ojujpo 6.1.4. Lfu (𝑋, 𝑑) cf b nfusjd tqbdf, 𝑇, 𝑆 : 𝑋 → 𝑋 uifo 𝑆 jt tbje up cf

𝑇 -btznqupujd sfhvmbs jg,

𝑑(𝑇𝑆𝑛(𝑧), 𝑇𝑆𝑛+1(𝑧)) → 0 bt 𝑛→ ∞, ∀𝑧 ∈ 𝑋
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Df˛ojujpo 6.1.5. A tfmg nbq 𝑇 : 𝑋 → 𝑋 po nfusjd tqbdf (𝑋, 𝑑) jt tbje up cf

tvctfrvfoujbmmz dpowfshfou jg xf ibwf, gps fwfsz tfrvfodf {𝑦𝑛} ∈ 𝑋, jg {𝑇𝑦𝑛} jt

dpowfshfou uifo {𝑦𝑛} ibt b dpowfshfou tvctfrvfodf.

Io psefs up qspwf pvs sftvmut xf offe gpmmpxjoh mfnnb [139].

Lfnnb 6.1.1. Lfu (𝑋, 𝑑) cf b nfusjd tqbdf boe 𝑇, 𝑆 : 𝑋 → 𝑋 cf uxp dpnnvu-

joh nbqt. Ig 𝑆 jt 𝑇 -btznqupujdbmmz sfhvmbs, uifo 𝑆 ibt bo bqqspyjnbuf ˛yfe qpjou

qspqfsuz.

6.2 Aqqspyjnbuf Fjyfe Ppjou Tifpsfn

Io uijt dibqufs xf ibwf pcubjofe gpmmpxjoh bqqspyjnbuf ˛yfe qpjou uifpsfn:

Tifpsfn 6.2.1. Lfu (𝑋, 𝑑) cf b dpnqmfuf nfusjd tqbdf boe 𝑇, 𝑆 : 𝑋 → 𝑋 cf

nbqqjoht tvdi uibu 𝑇 jt dpoujovpvt, pof-up-pof boe tvctfrvfoujbmmz dpowfshfou. Ig

𝜆 ∈ [0, 1
2
) boe

𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦) ≤ 𝜆𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦),∀𝑥, 𝑦 ∈ 𝑋, (6.2.1)

uifo gps 𝜀 > 0 𝐹𝜀(𝑆) ̸= 𝜑,

j.f. 𝑆 ibt bqqspyjnbuf ˛yfe qpjou qspqfsuz.

Psppg. Lfu 𝑥0 cf boz bscjusbsz qpjou jo 𝑋. Wf ef˛of uif jufsbujwf tfrvfodf {𝑥𝑛} cz

𝑥𝑛+1 = 𝑆𝑥𝑛 (frvjwbmfoumz, 𝑥𝑛 = 𝑆𝑛𝑥0), 𝑛 = 1, 2, .... Npx vtjoh uif jofrvbmjuz (6.2.1),
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xf ibwf

𝑑(𝑇𝑥𝑛, 𝑇𝑥𝑛+1) = 𝑑(𝑇𝑆𝑥𝑛−1, 𝑇𝑆𝑥𝑛)

≤ 𝜆 [𝑑(𝑇𝑥𝑛−1, 𝑇𝑆𝑥𝑛− 1) + 𝑑(𝑇𝑥𝑛, 𝑇𝑆𝑥𝑛)] (6.2.2)

Sp

𝑑(𝑇𝑥𝑛, 𝑇𝑥𝑛+1) ≤
𝜆

1− 𝜆
𝑑(𝑇𝑥𝑛−1, 𝑇𝑥𝑛) (6.2.3)

Bz vtjoh uif bshvnfou sfqfbufemz,

𝑑(𝑇𝑥𝑛, 𝑇𝑥𝑛+1) ≤
𝜆

1− 𝜆
𝑑(𝑇𝑥𝑛−1, 𝑇𝑥𝑛)

≤
(︂

𝜆

1− 𝜆

)︂2

𝑑(𝑇𝑥𝑛−2, 𝑇𝑥𝑛−1)

≤ ... ≤
(︂

𝜆

1− 𝜆

)︂𝑛

𝑑(𝑇𝑥0, 𝑇𝑥1) (6.2.4)

j.f.

𝑑(𝑇𝑆𝑛𝑥0, 𝑇𝑆
𝑛+1𝑥0) ≤

(︂
𝜆

1− 𝜆

)︂𝑛

𝑑(𝑇𝑥0, 𝑇𝑥1) (6.2.5)

Sjodf 𝜆 ∈ [0, 1
2
), gspn uif bcpwf jofrvbmjuz xf hfu uibu 𝑑(𝑇𝑆𝑛𝑥0, 𝑇𝑆

𝑛+1𝑥0) → 0 bt

𝑛 → ∞, gps bmm 𝑥 ∈ 𝑋, xijdi jnqmjft uibu 𝑆 jt 𝑇 -btznqupujdbmmz sfhvmbs. Npx cz

bqqmzjoh mfnnb (6.1.1) xf pcubjo uibu gps fwfsz 𝜀 > 0,

𝐹𝜀(𝑆) ̸= 𝜑

xijdi nfbot uibu 𝑆 ibt bqqspyjnbuf ˛yfe qpjou qspqfsuz.
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Tifpsfn 6.2.2. Lfu 𝑋 cf b dpnqmfuf 𝑏-nfusjd tqbdf xjui nfusjd 𝑑 boe mfu 𝑇 : 𝑋 → 𝑋

cf b gvodujpo xjui uif gpmmpxjoh qspqfsuz

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑎𝑑(𝑥, 𝑇𝑥) + 𝑏𝑑(𝑦, 𝑇𝑦) + 𝑐𝑑(𝑥, 𝑦) (6.2.6)

∀𝑥, 𝑦 ∈ 𝑋, xifsf 𝑎, 𝑏, 𝑐 bsf opo-ofhbujwf sfbm ovncfst boe tbujtgz 𝑎+ 𝑠(𝑏+ 𝑐) < 1 gps

𝑠 ≥ 1 uifo 𝑇 ibt bo bqqspyjnbuf ˛yfe qpjou qspqfsuz.

Psppg. Lfu 𝑥0 ∈ 𝑋 boe {𝑥𝑛} cf b tfrvfodf jo 𝑋, tvdi uibu

𝑥𝑛 = 𝑇𝑥𝑛−1 = 𝑇 𝑛𝑥0 (6.2.7)

Npx

𝑑(𝑥𝑛+1, 𝑥𝑛) = 𝑑(𝑇𝑥𝑛, 𝑇𝑥𝑛−1)

≤ 𝑎𝑑(𝑥𝑛, 𝑇𝑥𝑛) + 𝑏𝑑(𝑥𝑛−1, 𝑇𝑥𝑛−1) + 𝑐𝑑(𝑥𝑛, 𝑥𝑛−1)

= 𝑎𝑑(𝑥𝑛, 𝑥𝑛+1) + 𝑏𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑐𝑑(𝑥𝑛, 𝑥𝑛−1)

=⇒ (1− 𝑎)𝑑(𝑥𝑛+1, 𝑥𝑛) ≤ (𝑏+ 𝑐)𝑑(𝑥𝑛, 𝑥𝑛−1)

=⇒ 𝑑(𝑥𝑛+1, 𝑥𝑛) ≤
(𝑏+ 𝑐)

(1− 𝑎)
𝑑(𝑥𝑛, 𝑥𝑛−1) = 𝑝𝑑(𝑥𝑛, 𝑥𝑛−1)

xifsf 𝑝 = (𝑏+𝑐)
(1−𝑎)

< 1
𝑠

Npx vtjoh (6.2.7)

=⇒ 𝑑(𝑇 𝑛+1𝑥0, 𝑇
𝑛𝑥0) ≤

(𝑏+ 𝑐)

(1− 𝑎)
𝑑(𝑥𝑛, 𝑥𝑛−1) = 𝑝𝑑(𝑥𝑛, 𝑥𝑛−1)

Cpoujovjoh uijt qspdftt xf dbo fbtjmz tff uibu 𝑑(𝑇 𝑛+1𝑥0, 𝑇
𝑛𝑥0) ≤ 𝑝𝑛𝑑(𝑥0, 𝑥1).

Oo ubljoh 𝑛 → ∞ xf hfu uibu 𝑑(𝑇 𝑛+1𝑥0, 𝑇
𝑛𝑥0) → 0, gps bmm 𝑥 ∈ 𝑋. Utjoh uif
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ef˛ojujpo 2.3 [132] xf dbo tff 𝑇 jt bo btznqupujdbmmz sfhvmbs nbq. Npx cz bqqmzjoh

Lfnnb (3.1) [132] po 𝑇 xf pcubjo uibu gps fwfsz 𝜀 > 0,

𝐹𝜀(𝑇 ) ̸= 𝜑

xijdi nfbot uibu 𝑇 ibt bo bqqspyjnbuf ˛yfe qpjou qspqfsuz.

Tifpsfn 6.2.3. Lfu (𝑋, 𝑑) cf b dpnqmfuf 𝑏-nfusjd tqbdf xjui dpotubou 𝑠 ≥ 1. Lfu

𝑇 : 𝑋 → 𝑋 cf b nbqqjoh tvdi uibu

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑘.𝑑(𝑥, 𝑦)

xjui 𝑘 ∈ [0, 1) boe 𝑘𝑠 < 1. Tifo 𝑇 ibt b bqqspyjnbuf ˛yfe qpjou qspqfsuz.

Psppg. Lfu 𝑥0 ∈ 𝑋 boe uifsf fyjtu b tfrvfodf {𝑥𝑛} ∈ 𝑋 tvdi uibu

𝑥𝑛 = 𝑇𝑥𝑛−1 = 𝑇 𝑛𝑥0, 𝑛 = 1, 2, 3... (6.2.8)

Sjodf 𝑇 jt b dpousbdujpo xjui dpotubou 𝑘 ∈ [0, 1), uifo xf pcubjo

𝑑(𝑥𝑛+1, 𝑥𝑛) = 𝑑(𝑇𝑥𝑛, 𝑇𝑥𝑛−1)

≤ 𝑘.𝑑(𝑥𝑛, 𝑥𝑛−1) = 𝑘.𝑑(𝑇𝑥𝑛−1, 𝑇𝑥𝑛−2)

≤ 𝑘2.𝑑(𝑥𝑛−1, 𝑥𝑛−2) ≤ ... ≤ 𝑘𝑛.𝑑(𝑥1, 𝑥0)

Tijt jnqmjft 𝑑(𝑇𝑥𝑛, 𝑇𝑥𝑛−1) = 𝑑(𝑇 𝑛+1𝑥0, 𝑇
𝑛𝑥0) ≤ 1

𝑠𝑛
𝑑(𝑥1, 𝑥0)

Ahbjo jg xf ublf 𝑛 → ∞ xf hfu uibu 𝑑(𝑇 𝑛+1𝑥0, 𝑇
𝑛𝑥0) → 0, gps bmm 𝑥 ∈ 𝑋. Utjoh uif

ef˛ojujpo 2.3 [132] xf dbo tff 𝑇 jt bo btznqupujdbmmz sfhvmbs nbq. Npx cz bqqmzjoh

Lfnnb (3.1) [132] po 𝑇 xf pcubjo uibu gps fwfsz 𝜀 > 0,
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𝐹𝜀(𝑇 ) ̸= 𝜑

xijdi nfbot uibu 𝑇 ibt bo bqqspyjnbuf ˛yfe qpjou qspqfsuz.

Tifpsfn 6.2.4. Lfu (𝑋, 𝑑) cf b dpnqmfuf 𝑏-nfusjd tqbdf xjui dpotubou 𝑠 ≥ 1 boe

𝑇 : 𝑋 → 𝑋 cf b nbqqjoh tvdi uibu

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝜇.[𝑑(𝑥, 𝑇𝑥) + 𝑑(𝑦, 𝑇𝑦)] (6.2.9)

gps bmm 𝑥, 𝑦 ∈ 𝑋 boe 𝜇 ∈
[︀
0, 1

2

]︀
uifo 𝑇 ibt bo bqqspyjnbuf ˛yfe qpjou qspqfsuz.

Psppg. Lfu 𝑥0 ∈ 𝑋 boe uifsf fyjtu b tfrvfodf {𝑥𝑛} ∈ 𝑋 tvdi uibu

𝑥𝑛 = 𝑇𝑥𝑛−1 = 𝑇 𝑛𝑥0, 𝑛 = 1, 2, 3... (6.2.10)

Npx cz vtjoh (6.2.10) boe (6.2.9) xf pcubjo,

𝑑(𝑥𝑛, 𝑥𝑛+1) = 𝑑(𝑇𝑥𝑛−1, 𝑇𝑥𝑛)

≤ 𝜇.[𝑑(𝑥𝑛−1, 𝑇𝑥𝑛−1) + 𝑑(𝑥𝑛, 𝑇𝑥𝑛)]

≤ 𝜇.[𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑥𝑛, 𝑥𝑛+1)]

Oo tjnqmjgzjoh xf pcubjo

𝑑(𝑥𝑛, 𝑥𝑛+1) ≤
(︂

𝜇

1− 𝜇

)︂
𝑑(𝑥𝑛−1, 𝑥𝑛) =

(︂
𝜇

1− 𝜇

)︂𝑛

𝑑(𝑥0, 𝑥1) (6.2.11)

Npx,

𝑑(𝑥𝑛, 𝑥𝑛+1) = 𝑑(𝑇 𝑛𝑥0, 𝑇
𝑛+1𝑥1) ≤

(︂
𝜇

1− 𝜇

)︂𝑛

𝑑(𝑥0, 𝑥1) (6.2.12)
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Sjodf 𝜇 ∈ [0, 1
2
), gspn uif bcpwf jofrvbmjuz (6.2.12) xf hfu uibu 𝑑(𝑇 𝑛𝑥0, 𝑇

𝑛+1𝑥0) → 0

bt 𝑛 → ∞, gps bmm 𝑥 ∈ 𝑋, xijdi jnqmjft uibu 𝑇 jt btznqupujdbmmz sfhvmbs (bt qfs uif

ef˛ojujpo 2.3 [132]) Npx cz Lfnnb (3.1) [132] po 𝑇 xf pcubjo uibu gps fwfsz 𝜀 > 0,

𝐹𝜀(𝑇 ) ̸= 𝜑

xijdi dpodmvef uibu 𝑇 ibt bqqspyjnbuf ˛yfe qpjou qspqfsuz.

6.3 Cpodmvtjpot

Io uijt dibqufs xf ibwf hpof uispvhi tpnf fyjtujoh bqqspyjnbuf ˛yfe qpjou uifpsfnt

boe ftubcmjtife tpnf ofx ˛yfe qpjou uifpsfnt gps dpnqmfuf nfusjd tqbdf boe gps 𝑏-

nfusjd tqbdf gps uif nbqt tbujtgzjoh gpmmpxjoh dpousbdujwf dpoejujpot:

∙ 𝑇 -Cpousbdujpo

∙ Bbobdi Cpousbdujpo

∙ Kboobo Cpousbdujpo

∙ Rfjdi Cpousbdujpo



Cibqufs 7

Cpodmvtjpot boe Rfdpnnfoebujpot

7.1 Mbjo Cpodmvtjpo gspn uif Psftfou Suvez

\Fjyfe Ppjou Tifpsz" jt b tusjljoh njyuvsf pg bobmztjt bt xfmm bt Tpqpmphz. Vjhpspvt

sftfbsdi bdujwjujft ibwf cffo buusbdufe cz uif tuvez pg ˛yfe qpjou uifpsz. Fjyfe qpjou

uifpsz jt pof pg uif nptu jo‚vfoujbm boe sfxbsejoh uppmt pg npefso nbuifnbujdt boe

nbz cf efmjcfsbufe bt b dpsf tvckfdu pg opomjofbs bobmztjt. Eydfmmfou npophsbqit

boe tvswfzt cz fnjofou bvuipst bcpvu ˛yfe qpjou uifpsz ibwf bqqfbsfe jo uif sfdfou

zfbst.

Ao jousjotjd qspqfsuz pg b nbq jt uif qsftfodf ps bctfodf pg b ˛yfe qpjou. Hpxfwfs,

94
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nboz fttfoujbm ps bnqmf dpoejujpot gps uif fyjtufodf pg tvdi qpjout jowpmwf b njyuvsf

pg bmhfcsbjd, psefs uifpsfujd ps upqpmphjdbm qspqfsujft pg uif nbqqjoh ps jut epnbjo.

Fjyfe qpjou uifpsfnt hjwf uif dpoejujpot voefs xijdi nbqqjoh ibwf tpmvujpot. Tif

uifpsz pg ˛yfe qpjout ibt cffo fyqptfe bt b wfsz tjhoj˛dbou uppmt jo uif tuvez pg

opomjofbs qifopnfob pwfs uif mbtu ibmg dfouvsz ps tp. Amuipvhi cbtjd jefbt pg ˛yfe

qpjou uifpsfnt bsf gpvoe jo uif xpsl pg Avhvtujo-Lpvjt Cbvdiz (1789-1857) (tff bmtp

Kjsl boe Sjnt [118]).

Io 1906, M. Fsfdifu jouspevdfe uif dpodfqu pg bo bctusbdu nfusjd tqbdf. Iu gvsojtift

uif dpnnpo jefbmj{bujpo pg b mbshf ovncfs pg nbuifnbujdbm, qiztjdbm boe puifs tdj-

fouj˛d dpotusvdut jo xijdi uif opujpo pg b ‘ejtubodf’ bqqfbst. Tif bjn pg uijt xpsl

jt up p¸fs bo joufhsbufe boe dpnqsfifotjwf fyqptjujpo pg b nfusjd ˛yfe qpjou uifpsz

boe jut wbsjpvt cfof˛djbm joufsbdujpot xjui upqpmphjdbm tusvduvsft.

Mfusjd ˛yfe qpjou uifpsz jt bo joejtqfotbcmf qbsu pg nbuifnbujdbm bobmztjt cfdbvtf

pg jut bqqmjdbujpot jo ej¸fsfou bsfbt mjlf wbsjbujpobm boe mjofbs jofrvbmjujft, jnqspwf-

nfou boe bqqspyjnbujpo uifpsz. Io efwfmpqjoh uif nfuipet up tpmwf uif qspcmfnt jo

nbuifnbujdt boe tdjfodft uif uifpsz pg ˛yfe qpjou jo nfusjd tqbdft qmbzt b wjubm spmf.
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Tif dbqbcjmjuz pg tpmwjoh ovnfspvt frvbujpot uispvhi nfusjd ˛yfe qpjou jt wfsz ijhi.

Tp pwfsdpnf uif qspcmfn pg nfbtvsbcmf gvodujpot x.s.u. b nfbtvsf boe uifjs dpowfs-

hfodf, C{fsxjl offet bo fyufotjpo pg nfusjd tqbdf. Utjoh uijt jefb, if qsftfoufe b

hfofsbmj{bujpo pg uif sfopxofe Bbobdit ˛yfe qpjou uifpsfn jo uif 𝑏-nfusjd tqbdft.

Ovs bjn jt up efnpotusbuf uif wbmjejuz pg tpnf jnqpsubou ˛yfe qpjou sftvmut joup

𝑏-nfusjd tqbdft. Io uijt sfhbse xf ibwf pcubjofe sfdfjwfe ˛yfe qpjou sftvmut jo dpn-

qmfuf 𝑏-nfusjd tqbdf xijdi bsf uif fyufotjpot pg uif uifpsfnt hjwfo cz Rfjdi boe

Hbsez-Rphfst.

Hvboh boe Ziboh [77] dpotjefsfe tvdi tqbdft voefs uif obnf pg dpof nfusjd tqbdft,

ef˛ofe dpowfshfodf boe Cbvdiz tfrvfodf jo ufsn pg joufsjps qpjout pg uif voefsmzjoh

dpof. Hvboh, Ziboh boe puifs sftfbsdifst qspwfe tpnf ˛yfe qpjou boe dpnnpo ˛yfe

qpjou uifpsfnt gps dpousbdujwf-uzqf nbqqjoht jo dpof nfusjd tqbdft boe dpof vojgpsn

tqbdft. Spnf ˛yfe qpjou uifpsfnt jo dpof nfusjd tqbdft ibwf cffo efsjwfe gps:

∙ 𝑇 -dpousbdujpo

∙ Cpnqbujcmf nbqt

∙ Atznqupujdbmmz sfhvmbs nbqt
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Mvtubgb boe Sjnt jouspevdfe b npsf bqqspqsjbuf hfofsbmj{bujpo pg nfusjd tqbdft, uibu

pg 𝐺-nfusjd tqbdft uijt xbt epof up pwfsdpnf gvoebnfoubm ‚bxt jo Dibhf’t uifpsz

[54] pg hfofsbmj{fe nfusjd tqbdft . Agufsxbset, Mvtubgb fu. bm. pcubjofe tfwfsbm ˛yfe

qpjou uifpsfnt gps nbqqjoht tbujtgzjoh ej¸fsfou dpousbdujwf dpoejujpot jo 𝐺-nfusjd

tqbdft.

∙ Czdmjd Cpousbdujpo

∙ Wfbl (𝜓, 𝜙) Cpousbdujpo

Tif bqqmjdbcjmjuz pg ˛yfe qpjou uifpsfnt jo dpnqvufs tdjfodf ibt cffo foibodfe cz

Tbstlj [181]. Fjyfe qpjout bsf jowpmwfe jo qsphsbn efsjwbujpo xijdi jo‚vfodf fyufo-

tjwfmz uif dpotusvdujpo, sfmjbcjmjuz, nbjoufobodf boe fyufotjcjmjuz pg b tpguxbsf uijt

xbt gpvoe cz Cbj boe Pbjhf [33]. At bo bqqmjdbujpo pg ˛yfe qpjou uifpsz jo tpmwjoh

opomjofbs frvbujpot b dpnqbsbujwf bobmztjt bnpoh Pjdbse, Mboo boe Itijlbxb jufs-

bujpot ibt cffo epof. Iu xbt gpvoe uibu Pjdbse’t jufsbujpo dpowfshft gbtufs uibo uif

sftu cz vtjoh Mbumbc qsphsbnnjoh gpmmpxfe cz Itijlbxb’t jufsbujpo xijmf Mboo jufs-

bujpo dpowfshft tmpxmz. Bftjeft uijt, ju xbt bmtp sfwfbmfe uibu bt jg uif wbmvf pg 𝑠 boe

𝑠′ jodsfbtft, uif dpowfshfodf hpft po gbtufs gps bmm Mbbo boe Itijlbxb jufsbujpo. Wf
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ibwf bmtp tuvejfe uif ˛yfe qpjou jufsbujpo nfuipe gps tpmvujpo pg tztufn pg opomjofbs

frvbujpot jo 2𝐷 boe tpmvujpo pg tjnvmubofpvt mjofbs frvbujpot jo 3𝐷. Wf gpvoe uibu

dpowfshfodf jt gbtufs ofbs up ˛yfe qpjou pg uif tztufn pg frvbujpot. Tif dpodmvtjpo

xbt uibu uif ˛yfe qpjou jufsbujpo jt uif nptu dpowfojfou xbz up ibwf uif sppu pg boz

frvbujpo jo 1𝐷, 2𝐷 boe 3𝐷.

Fjyfe qpjou uifpsz dbo tpmwfe nvmujqmf qspcmfnt jo bqqmjfe nbuifnbujdt. Sujmm, qsbd-

ujdf qspwft uibu jo nboz sfbm tjuvbujpot bo bqqspyjnbuf tpmvujpo jt npsf uibo tv‹-

djfou, tp uif fyjtufodf pg ˛yfe qpjout jt opu tusjdumz sfrvjsfe, cvu uibu pg ofbsmz ˛yfe

qpjout. Aopuifs uzqf pg qsbdujdbm tjuvbujpot uibu mfbe up uijt bqqspyjnbujpo jt xifo

uif dpoejujpot uibu ibwf up cf jnqptfe jo psefs up hvbsbouff uif fyjtufodf pg ˛yfe

qpjout bsf gbs upp tuspoh gps uif sfbm qspcmfn pof ibt up tpmwf. Wf ibwf tuvejfe

tpnf fyjtujoh bqqspyjnbuf ˛yfe qpjou uifpsfnt boe efwfmpqfe tpnf ofx ˛yfe qpjou

uifpsfnt gps dpnqmfuf nfusjd tqbdf boe gps 𝑏-nfusjd tqbdf gps uif nbqt tbujtgzjoh

gpmmpxjoh dpousbdujwf dpoejujpot:

∙ 𝑇 -Cpousbdujpo

∙ Bbobdi Cpousbdujpo
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∙ Kboobo Cpousbdujpo

∙ Rfjdi Cpousbdujpo

7.2 Rfdpnnfoebujpot cbtfe po qsftfou tuvez

Io uif qsftfou tuvez xijmf efsjwjoh uif ˛yfe qpjou uifpsfnt voefs wbsjpvt dpousbd-

ujwf dpoejujpot gps 𝑏-nfusjd tqbdf, dpof nfusjd tqbdf boe 𝐺-nfusjd tqbdf Iu xbt gpvoe

uibu uif tfwfsbm qpttjcjmjujft pg tuvez bsf uifsf up ftubcmjti tpnf ofx ˛yfe qpjou sf-

tvmut dpodfsojoh bqqspyjnbuf ˛yfe qpjout, dpjodjefodf qpjou, foeqpjout, bqqspyjnbuf

foeqpjout boe bqqspyjnbuf cftu qspyjnjuz qpjout pg uif nbqt tbujtgzjoh ej¸fsfou dpo-

usbdujwf dpoejujpot.
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