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Instructions: Answer all questions. 

SECTION A  

(5Qx4M=20Marks) 

S. No.  Marks CO 

Q 1  Given ∫ 𝑥2𝑑𝑥 = 9
3

0
. Find 𝑐 such that 𝑓(𝑐) equals the average value of 

𝑓(𝑥) =  𝑥2 over [0,3]. 

 

04 CO1 

Q 2 Show that the sequence {𝑓𝑛} where 𝑓𝑛 =  
1

𝑥+𝑛
 is uniformly convergent on 

any interval [0,b], b > 0. 

 

04 CO2 

Q 3 Define pointwise and uniform convergence of a series ∑ 𝑓𝑛. 04 CO4 

Q 4 Find the radius of convergence of the series  
1

2
𝑥 +  

1.3

2.5
  𝑥2 +  

1.3.5

2.5.8
𝑥3 + ⋯ 

 

04 CO3 

Q 5 Define open and closed spheres in a metric space (𝑋, 𝑑). 
 

04 CO4 

SECTION B  

(4Qx10M= 40 Marks) 

Q 6 Prove that ∫
𝑥 tan−1 𝑥

√1+ 𝑥43 𝑑𝑥
∞

0
 is divergent 

 
10 CO2 

Q 7 If a sequence {𝑓𝑛} converges uniformly to 𝑓 on [a, b], and each function 

𝑓𝑛 is integrable, then 𝑓 is integrable on [a, b] and the sequence 

{∫ 𝑓𝑛𝑑𝑡
𝑥

𝑎
} converges uniformly to ∫ 𝑓 𝑑𝑡

𝑥

𝑎
 on [a, b], i.e.,  

  

               ∫ 𝑓 𝑑𝑡
𝑥

𝑎
=  lim

𝑛→∞
∫ 𝑓𝑛𝑑𝑡

𝑥

𝑎
, ∀ 𝑥 ∈ [𝑎, 𝑏]. 

 

10 CO2 

Q 8 Show that the series ∑ 𝑓𝑛 whose sum function is given by 𝑆𝑛(𝑥) =

𝑛𝑥𝑒−𝑛𝑥2
 is pointwise and not uniformly convergent on any interval 

[0, k], k > 0. 

10 CO4 



  

Q 9 Let (X,d) be any metric space. Show that the function 𝑑1 defined by  

𝑑1(𝑥, 𝑦) =
𝑑(𝑥,𝑦)

1+𝑑(𝑥,𝑦)
, ∀ 𝑥, 𝑦 ∈ 𝑋, is a metric on X. 

                 

                                                     (OR) 

 

Show that the set ℝ𝑛 of all ordered n-tuples with function 𝑑 defined by  

 

𝑑(𝑥, 𝑦) =  √∑(𝑥𝑖 − 𝑦𝑖)2 

𝑛

𝑖=1

 

∀ 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛), 𝑦 = (𝑦1, 𝑦2, … , 𝑦𝑛)  ∈ ℝ𝑛, is a metric space.  
 

 

 

10 CO4 

SECTION-C 

(2Qx20M=40 Marks) 

Q 10 (a) If 𝑓 ∈ 𝑅(𝛼1) and 𝑓 ∈ 𝑅(𝛼2), then prove that 𝑓 ∈ 𝑅(𝛼1 + 𝛼2) 

and ∫ 𝑓 𝑑(𝛼1 + 𝛼2) =  ∫ 𝑓
𝑏

𝑎
𝑑𝛼1 +   ∫ 𝑓

𝑏

𝑎
𝑑𝛼2

𝑏

𝑎
. 

 

(b)  If 𝑓 ∈ 𝑅(𝛼) and 𝑐 is a positive constant, then prove that  𝑓 ∈

𝑅(𝑐𝛼) and ∫ 𝑓
𝑏

𝑎
𝑑(𝑐𝛼) =  𝑐 ∫ 𝑓

𝑏

𝑎
𝑑(𝛼).  

 

10+10 CO1 

Q 11 State and prove Dini’s Theorem on uniform convergence of a sequence 
{𝑓𝑛}. 

 

                                                           (OR) 

 

State and prove Cantor’s Intersection Theorem.  

 

20 CO4 

 


