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SECTION A  

(5Qx4M=20Marks) 

S. No.  Marks CO 

Q 1 Choose the correct option. 

i. Dimension of  ℂ𝑛 as a linear space over 𝐶 is: 

a) 𝑛 

b) 𝑛 + 1 

c) 𝑛2 

d) 2𝑛 

ii. Consider 𝑓: ℝ → ℝ. Which of the following is not a linear map? 

a) 𝑓(𝑥) = 𝑥 

b) 𝑓((𝑥) = 𝑥2 

c) 𝑓(𝑥) = 3𝑥 + 1 

d) 𝑓(𝑥) = 0 

iii. Which of the following is not a property of norm in general? 

a) ||𝑥|| ≥ 0 

b) ||𝑥 + 𝑦|| ≤ ||𝑥|| + ||𝑦|| 

c) ||𝑘𝑥|| = 𝑘 ||𝑥|| 

d) ||𝑥|| = 0 iff 𝑥 = 0 

iv. A complete norm space is known as a: 

a) Hilbert space 

b) Compact space 

c) Banach space 

d) Euclidean space 

1 x 4 CO1 

Q 2 Write the (i) Closed graph theorem, and (ii) Uniform boundedness 

principle 
4 CO2 



Q 3 Let 𝑌 be any closed subspace of a Hilbert space 𝐻. 

Then show that 𝐻 = 𝑌 ⊕ 𝑌⊥. 4 CO3 

Q 4 If 𝑋 and 𝑌are Banach spaces and 𝑇 ∈ 𝐵[𝑋, 𝑌] is injective and surjective, 

then 𝑇−1 ∈ 𝐵[𝑋, 𝑌]. 
4 CO4 

Q 5 Show that the graph of a linear map 𝑃 on a Banach space 𝑋 is closed. 4 CO6 

SECTION B  

(4Qx10M= 40 Marks) 

There is an internal choice in Q9 

Q 6 State and prove the Open mapping theorem. 10 CO2 

Q 7 If 𝑌 is a closed subspace of a Hilbert space 𝐻, then 𝑌 = 𝑌⊥⊥. 10 CO4 

Q 8 Let 𝑋 = 𝑌 ⊕ 𝑍 and 𝑃 be the projection on 𝑌 along 𝑍. Then 𝑇 ∈ 𝐵𝐿(𝑋) 

is decomposed by a pair (𝑌, 𝑍) if and only if 𝑃𝑇 = 𝑇𝑃. 10 CO5 

Q 9 For any bounded linear functional 𝑓 on a normed space 𝑋, prove that 

||𝑓|| = sup{|𝑓(𝑥)|: ||𝑥|| ≤ 1} = sup {
1

||𝑥||
: 𝑓(𝑥) = 1}. 

OR 

Prove that a linear functional 𝑓 on a normed space is bounded functional 

if and only if 𝑓 is a continuous functional. 

 

10 

 

 

CO6 

SECTION-C 

(2Qx20M=40 Marks) 

There is an internal choice in Q11 

Q 10 “Let 𝑋 be a normed space and let 𝑌 be a complete normed space. Then 

𝐿(𝑋, 𝑌) is a Banach space.” Prove it. 
20 CO4 

Q 11 State Hahn-Banach theorem. Prove that a linear functional on a normed 

space is a bounded functional if and only if it is continuous functional. 
OR 

Show that for any 𝑥, 𝑦 in an inner product space 𝑋, 

< 𝑥, 𝑦 > =
1

4
(||𝑥 + 𝑦||

2
− ||𝑥 − 𝑦||

2
+ ||𝑥 + 𝑖𝑦||

2
− ||𝑥 − 𝑖𝑦||

2
). 

20 CO5 

 




